
Solutions for Homework 2, MTH 483, W17∗

1. Problem 3.8: Let g(z) = (1 + z)/(1 − z), and define h(z) = g(f(z)) with
z in G (and possibly excluding those z in G for which f(z) = 1). Then
h is holomorphic on its domain, and h is imaginary-valued by exercise 3.7.
However, a variation of exercise 2.19 shows that h must be constant.

2. Problem 3.14: (a) and (b) are given by the cross ratios [z, 1, 2, 3] = (z−1)(2−3)
(z−3)(2−1) =

−z+1
z−3 for (a), and [z, 1, 1 + i, 2] = (z−1)(1+i−2)

(z−2)(1+i−1) = (1+i)z−(1+i)
z−2 for (b). For (c),

note that the sought-after MT is inverse of the cross ratio [z, i, 1,−i] = iz+1
z+i

,

which is iz−1
−z+i .

3. Problem 3.18: The idea here is to find a MT that maps the unit circle to the
line {z = x + iy|x + y = 0} (as circles in the Riemann sphere are mapped to
circles by MT’s), and then to verify that a point inside the unit disk, such as
z = 0, is mapped to the half space H = {z = x + iy|x + y ≥ 0}. This is then
enough to conclude that the unit disk will be mapped to the half-space H,
by an argument similar to the one we discussed in class when we were solving
exercise 3.9. So let’s find a MT that transforms the points 1, i,−1 (3 points
which uniquely characterize the unit circle) to the points 0, 1− i,∞ (3 points
which uniquely characterize the line {z = x+iy|x+y = 0}). This will be given
by the composition of the MT f which maps 1, i,−1 to 0, 1,∞, and the inverse
of the MT g that maps 0, 1− i,∞ to 0, 1,∞. Both f and g are cross ratios and
can be computed as in the previous problem: f(z) = (z−1)(i+1)

(z+1)(i−1) and g(z) = 1
1−iz.

Then g−1(z) = (1− i)z, and thus h(z) = g−1(f(z)) = (1− i) (z−1)(i+1)
(z+1)(i−1) , and we

can easily check that h(0) = 1 + i, which indeed belongs to the half-space H.

4. Problem 3.44(e). (z − 3)i = exp(iLog(z − 3)) is holomorphic in the set where
z − 3 does not belong to the set {z = x+ iy|x ≤ 0, y = 0}; in other words, z
does not belong to the set {z = x+ iy|x ≤ 3, y = 0}.

5. Problem 3.53. Let f(z) = z2. (a) The image of a circle z = Reiθ with R > 0
and θ ∈ [0, 2π] is R2ei(2θ), which is a circle of radius R2 centered at the origin.
(b) The image of the ray z = reiθ0 with r > 0 and θ0 fixed is r2ei(2θ0), which is
also a ray whose angle with the horizontal axis is twice the angle of the original
ray. (c) Let T be the “quarter circle” connecting 0 to 2 on the real axis, 2 to
2i along the circular arc and 2i back to 0 along the imaginary axis. Then the
image of T under f is the “half circle”: apply parts (a) and (b) to see that
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the (real) line segment from 0 to 2 is mapped to the (real) line segment from
0 to 4, followed by the half circle from 4 to −4 (circle centered at origin of
radius 4), and then back along the (negative, real) line segment from −4 to
0. (d) The right angle is mapped to an angle of π. However, since f is not
conformal at the origin z = 0 (because f ′(0) = 0), there is nothing wrong with
the right angle not being preserved. Note that anywhere else in the complex
plane, angles will be preserved as f ′(z) 6= 0 when z 6= 0.
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