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Introduction

Magnetohydrodynamics: Definition and Applications

Magnetohydrodynamics (MHD): the study of the magnetic properties and
behaviour of electrically conducting fluids.

Applications

Geophysics: geomagnetic dynamo

Astrophysics: sun spots, solar wind

Power Generation: Harnessing electric current from an artificially created
MHD system as a power source
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Background Governing Equations

Governing Equations: Maxwell’s Equations

Maxwell’s Equations

∂D

∂t
−∇×H = J (1a)

∂B

∂t
+∇× E = 0 (1b)

∇ · B = ∇ · E = 0 (1c)

E(0, x) = 0 (1d)

B: Magnetic field
D: Displacement field
H: Magnetizing field
E: Electric field
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Background Governing Equations

Electrical Relations

Constitutive Laws

D(t, x) = ε0εr (x)E(t, x) + P(t, x) (2a)

B(t, x) = µ0H(t, x) + M(t, x) (2b)

Generalized Ohm’s Law

J = σ(E + u× B) +
βe

||B||
(J× B) +

βi

||B||2
(
(J× B)× B

)
, (3)

µ0: Permeability of free-space
ε0εr : Permittivity
P: Polarization
M: Magnetization
σ: Conductivity
u : Fluid velocity field

Hall Parameter

βe = µe ||B||

Ion-slip parameter

βi = µeµi ||B||2
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Background Governing Equations

Governing Equations: Maxwell’s for MHD

Assume
- all functions are steady state,

- the magnetic field, B, is given,
- the fluid-flow, u, are prescribed.
Then the governing equations for an MHD channel are given by

∇× E = 0 on Ω, (4a)

J = σ(E + u× B) +
βe
||B||

(J× B) +
βi
||B||2

(
(J× B)× B

)
on Ω, (4b)

∇ · J = 0 on Ω. (4c)
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Background Governing Equations

Explicit Ohm’s Law

Using a matrix representation of the cross-product and algebra, (3) can be
rewritten as

J = σ(I − βe [B]× − βi [B]2×)−1(E + u× B) = σ(E + u× B)

We define Ji as
Ji = σE (5)

Employing the divergence-free condition (4c), implies

−∇ · Ji = ∇ · σ(u× B), (6)
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Background Governing Equations

Mixed-Poisson’s Equations

Combining (5) and (6), and writing E = ∇V, we have

σ−1Ji −∇V = 0, (7a)

−∇ · Ji = ∇ ·
(
σ(u× B)

)
. (7b)

Thus, solving (4) is equivalent to a system of mixed Poisson equations,
and employing that

J = Ji + σ(u× B) (8a)

E = ∇V. (8b)

(We write the system in this way to be able to apply the
Babuska-Brezzi-Kovalevskaya Theorem for existence and uniqueness of
solutions.)
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Background Governing Equations

Strong Form to Weak Form

We define the following spaces for our solutions to (7).

Ji ∈ V (Ω) =
{
f ∈ L2(Ω) : f · n = 0 on Γ

}
,

and
V ∈W (Ω) := W 1,2

0 (Ω) =
{
f ∈ H1(Ω) : T (f ) = 0

}
,

where T (f ) is the trace of f on Γ.

Then (7) is weakly-equivalent to∫
Ω

(σ−1J) · φ−
∫

Ω

∇V · φ = 0 ∀φ ∈ V (Ω), (9a)

−
∫

Ω

Ji · ∇ψ =

∫
Ω

(
σu× B

)
· ∇ψ ∀ψ ∈W (Ω) (9b)

Well-posedness of this forward problem is established within [3].
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Background Parameter Identification

Deterministic Parameter Identification

We wish to formulate the parameter estimation problem for this system,
with potential unknowns

Fluid flow u

Plasma conductivity σ

Electron mobility µe

Ion mobility µi

Well-posedness of this inverse problem is also established within [3].

However, we further allow for these parameters to be random.
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Uncertain Forward Problem Well-posedness

Uncertain Kinematic MHD Equations

Find Ji ∈ V ,V ∈W that satisfy

E

[∫
D
σ−1Ji · φ

]
− E

[∫
D
∇V · φ

]
= 0, ∀φ ∈ V , (10a)

− E

[∫
D

Ji · ∇ψ

]
= E

[∫
D

(
σ(u× B)

)
· ∇ψ

]
, ∀ψ ∈W (10b)

where
V = V × L2(Ω), W = W × L2(Ω).
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Uncertain Forward Problem Well-posedness

Uncertain Kinematic MHD Operator Form

Find Ji ∈ V ,V ∈W such that

A(Ji ) + B′(V) = 0 ∈ V
′
, (11a)

B(Ji ) = G ∈W
′

(11b)

Application of the Babuska-Brezzi-Kovalevskaya Theorem results in the
well-posedness of the system, following a similar approach to that of the
deterministic version [2].
Well-posedness of this random inverse problem is also established.
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Uncertain Forward Problem Toward Parameter Identification
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Uncertain Forward Problem Toward Parameter Identification

Notation

q = (u, σ, µ, µi ).

U(x; q) =

[
Ji (x; q)
V(x; q)

]
, A(q) =

[
A(q) B′(q)
B(q) 0

]
, F (q) =

[
0

G (q)

]

System (11), can be written as
AU = F . (12)

Let H = V ×W , with norm || · ||2
H

= || · ||2
V

+ || · ||2
W

.
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Uncertain Forward Problem Toward Parameter Identification

Deterministic Identification Problem

q = (u, σ, µ, µi ).

Q :=
(
L2(D)

)3 × L∞+ (D)× L∞+ (D)× L∞+ (D)

(ID) min
q∈Q

J(q) := ||U(·; q)−D||2H
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Uncertain Forward Problem Toward Parameter Identification

Uncertain Identification Problem

Pq(q) := Pu(u) · Pσ(σ) · Pµe (µe) · Pµi (µi ).

E[f (q)|Pq] =

∫
Q
f (q) dPq(q)

(UID) min
Pq∈P(Q)

J(Pq) := E
[
||U(q)−U||2H

∣∣∣Pq

]
.
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Uncertain Forward Problem Toward Parameter Identification

Dimension Reduction to the UID

Three major steps to reduce to finite dimensionality:

Spatial domain, D with K ∈ N elements

Parameter search space, Q, to a compact space, with N ∈ N
dimension

Distribution space, P(Q), with M poles
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Uncertain Forward Problem Toward Parameter Identification

DRUID

Let
Q̃ ⊂ Q, compact and Q̃N = Q̃ ∩ PN

Then for P ∈ PM(Q̃N), M ≥ N, the expected value of a random process
f : Q̃N → H is given by

E[f |P] =

∫
Q̃
f (q) dP(q) =

M∑
j=1

f (qNj )pj

with {qNj }Mj=1 a basis for Q̃N .

For fixed K ,M,N ∈ N, and data {Uk}Kk=1, our dimension reduced
uncertain identification problem becomes

(DRUID) min
P∈PM(Q̃N)

JKM,N(P) =
M∑
j=1

K∑
k=1

∣∣∣U(xk , q
N
j )−Uk

∣∣∣2pj
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Uncertain Forward Problem Stochastic Collocation
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Uncertain Forward Problem Stochastic Collocation

Assumptions

For the simplicity we describe the approach for one random process,
denoted Y , and with associated probability PY .

Assume Y is described by M random variables, denoted {ψk}Mk=1, then

V(x, ω) = V(x, ψ1(ω), . . . , ψM(ω))

Let Γk := ψk(Ω), and Γ :=
M∏
k=1

Γk .
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Uncertain Forward Problem Stochastic Collocation

Notation

m = [m1, . . . ,mM] an array of indices

Mk , the number of sample points in the direction Γk , k = 1, . . . ,M

M =
M∏
k=1

Mk

{r jk}
Mk
j=0, a basis of orthogonal Chebyshev polynomials that satisfy∫

Γk

r jk r
l
kPY (y) dy = δjlw

j
k , where w j

k :=

∫
Γk

(
r jk(ym)

)2
PY (ym) dy

ymk
k for mk = 1, . . . ,Mk , k = 1, . . . ,M, the mth unique zero in the

direction Γk

ym = [ym1
1 , . . . , ymM

M ], a collection of zeroes in each random direction

rm(y) =
M∏
j=1

r
mj

j (y), the product of the polynomials in each direction

N. L. Gibson (OSU) OUU for MHD SIAM PNW 2021 25 / 51



Uncertain Forward Problem Stochastic Collocation

Polynomial chaos expansion of V:

Vh,M(x, y) =

M1∑
m1=1

. . .

MM∑
mM=1

Vh(x, ym)rm(y). (13)

Define

wm :=
M∏
j=1

w
mj

j .

Then we have defined an M−pole approximation with weights wm.
Denote this distribution PM

Y

E
[
Vh|PM

Y

]
=

M1∑
m1=1

. . .

MM∑
mM=1

wmVh(x, ym)

For notational convenience, we write

E
[
Vh|PM

Y

]
= E

[
Vh,M

]
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Uncertain Forward Problem Stochastic Collocation

Expected solution, E
[
Vh,M

]

Deterministic solution Vh
(
E[q]

)
E
[
Vh,M

]
?
= Vh

(
E[q]

)

Parameter Mean Standard Deviation

µe 10/6 1/6
ux 1600 160

Table 1: Parameter distributions used in the determining expected solutions
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Uncertain Forward Problem Stochastic Collocation

Figure 1: Deterministic V
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Uncertain Forward Problem Stochastic Collocation

Figure 2: Expected V
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Uncertain Forward Problem Stochastic Collocation

Figure 3: Deterministic V - Expected V
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Uncertain Forward Problem Stochastic Collocation

Comparing spatial functions E[V]

Figure 4: Comparing the distributions of V under an assumption of beta and
uniform parameter distribution. Associated lines are E[U(q)]− U(E[q]), with
upper and lower lines representing one standard deviation away.
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N-UPE Karhunen-Loève Expansion

Covariance

Suppose Y is described by

C : D × D → R, C(t, s) = Cov
(
Y (t, ω),Y (s, ω)

)

Assume C has known eigenfunctions, {φj}∞j=0, which satisfy

λjφj(s) =

∫
D
C(x, s)φj(x) dx. (14)
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N-UPE Karhunen-Loève Expansion

Figure 5: Eigenfunctions for exponential covariance, i.e. φj , for j = 0, 1, 2.
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N-UPE Karhunen-Loève Expansion

Covariance

C : D × D → R, C(t, s) = Cov
(
Y (t, ω),Y (s, ω)

)
Assume C has known eigenfunctions, {φj}∞j=1, which satisfy

λjφj(s) =

∫
D
C(x, s)φj(x) dx. (15)

Define
{
ψj : Ω→ R, E[ψj ] = 0, var[ψj ] = 1

}∞
j=0

, uncorrelated w.r.t. C,

C (ψj , ψk) = δj ,k .
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N-UPE Karhunen-Loève Expansion

Karhunen-Loève expansion (KLE)

KLE:

Y (x, ω) = E[Y ](x) +
∞∑
j=0

√
λjφj(x)ψj(ω). (16)

Let {rk}Nk=0 be an orthogonal basis for PN(D).

E[Y ](x) ≈
N∑

k=1

ak rk(x),

for some set {ak : for k = 0, . . . ,N, ak ∈ R}.
Thus, we define the FD approximation to Y as

Y N(x, ω) :=
N∑

k=0

ak rk(x) +
√
λkφk(x)ψk(ω)︸ ︷︷ ︸
Y N
k

. (17)
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N-UPE Karhunen-Loève Expansion

Figure 6: (Dashed) Individual random processes and (solid) quadratic µe .
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N-UPE Karhunen-Loève Expansion

Figure 7: Collocation sample points of the µe under the KLE, with an Fejér grid
of level= 3.

N. L. Gibson (OSU) OUU for MHD SIAM PNW 2021 39 / 51



N-UPE Numerical UPE Results
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N-UPE Numerical UPE Results

Distributions

Table 2: Designated ‘true’ deterministic coeffecients and eigenvalues, for use in
the numerical implementation of (DRUID)

Parameter True Value

a0 10/6
λ0 0.5
a1 0
λ1 0.02
a2 -1.5
λ2 0.016
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N-UPE Numerical UPE Results

Figure 8: Demonstrations of Distributional recovery, at x = (0.05, 0.5, 0.05), for
quadratic µe , with an assumed uniform distribution covariance structure, and
with the partial domain available for data, at a noise level of 0.
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N-UPE Numerical UPE Results

Figure 9: Demonstrations of Distributional recovery, at x = (0.05, 0.5, 0.05), for
quadratic µe , with an assumed uniform distribution covariance structure, and
with the partial domain available for data, at a noise level of 0.05.
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N-UPE Numerical UPE Results

Figure 10: Demonstrations of Distributional recovery, at x = (0.05, 0.5, 0.05), for
quadratic µe , with an assumed uniform distribution covariance structure, and
with the partial domain available for data, at a noise level of 0.25.
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N-UPE Numerical UPE Results

Table 3: Shape parameters for the random variables with an assumed beta
distribution function.

Y0 Y1 Y2

(2, 2) (3, 1) (4, 2)
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N-UPE Numerical UPE Results

Figure 11: Demonstrations of Distributional recovery, at x = (0.05, 0.5, 0.05), for
quadratic µe , with an assumed uniform distribution covariance structure, and
with the partial domain available for data, at a noise level of 0.
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N-UPE Numerical UPE Results

Figure 12: Demonstrations of Distributional recovery, at x = (0.05, 0.5, 0.05), for
quadratic µe , with an assumed uniform distribution covariance structure, and
with the partial domain available for data, at a noise level of 0.05.
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N-UPE Numerical UPE Results

Figure 13: Demonstrations of Distributional recovery, at x = (0.05, 0.5, 0.05), for
quadratic µe , with an assumed uniform distribution covariance structure, and
with the partial domain available for data, at a noise level of 0.25.
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