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The Octonions Division Algebras

Real Numbers Quaternions
R H=CeaCj
q=(x+yi)+ (r+si)j

Kkl

Complex Numbers Octonions
C=RaR/ O=HoHL j i
z=x+yi
il k il
I'2 :_j2 — 42 S

Cayley—Dickson (1919)
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The Octonions
Properties

Noncommutative:
Ji=—=i K
Nonassociative:
(i)t = =i(f)
Norm:
X2 = xx

x| =0 = x=0

Composition: if K il
Ixy| = |x|ly]
Inverses (Division!):

x#0 = x ' =%/|x|
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The Octonions
Eigenvalues

Reality: (AT=A =— X =)
Av =X v = Xviv=(Av)lv=viAv = vidv £ Aviv
Av=vi = X(viv) # (Av)Tv # vi(Av) # (vIv)A

Orthogonality: (A\; # A\ — vIvz =0)

AV = AV — )\]_V]TVQ = (Avl)Tvz + VI(AVQ) = )\2V:IV2

Theorem (Dray-Manogue 1998)

vm € O3, At = A Aviy = AmVim, Am € R = (vlvlT)v2 =0
(and 3 6 real eigenvalues...)

> — Av=yvi
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The Octonions

Eigenvalues

Simultaneous Eigenstates

01 0 —¢ 1 0
Ox — Oy = 0z —
10 ¢ 0 0 -1
Ly := —g(ﬂomw)f

2L, = hip

o= (1) . 2L = —hyk
2Ly0p = —hip ke

“spin-up” is simultaneous eigenstate of L, L, L,!
(but eigenvalues don't commute!)
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The Hopf Map
Hopf Maps

2 —
v = b cC?>=R* X=wl= ‘b’— bc2
c cb ||

detX = |b|?|c|? — |bc|?* =0
trX = viv=|pP +|c|?=2 = veSScR?

X(1+.Z xiy)
x+i1y 1-—=z

O=detX=1—-x>—y?>—-2> —= XeS’cR?

- Hopf (1931): $* — §°
V —— VVT

CPl={veC?:v~Av,AeC}
(quantum mechanics, twistor theory, )
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Hopf Maps The Other Hopf Maps

Four division algebras —> four Hopf maps:
vi— wi

veR? = St — st |
veC? = s* —§s? (CP!

vel? = ST — st (

ve0? = s — s (

Fibers in each case correspond to units in K:
lul =1 +— SO, S, §3,§7
(“phases”: u = e, 5?2 = —1)
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Hopf Maps
Supersymmetry

Spacetime: <t tr 3 >
X —
a t—z

det X = t? — |a? — 22
Four division algebras — four Lorentz groups:
SL(2,R) = SO(2,1)
SL(2,C) = SO(3,1)
SL(2,H) = SO(5,1)
SL(2,0) = SO(9,1) (all double covers)

Spinors: X = wi = detX =0 = null vector

Clifford algebras, supersymmetry, ...

Classical supersymmetry exists only in dimensions 3,4,6, 10
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Basics

Lie Groups

A Lie Group G is a group that is also a smooth manifold, and on
which the group operations are smooth:

GxG—G
(X,Y)— Xty

SO(2) = {A € M**2(R) | AA" = I, det A = 1}
- cosf) —sin6 ~ ol
{(sin@ cosH)‘gER/ZWZ}S

continuous symmetry groups (rotations)

|G| = # of parameters
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Basics

Lie Groups

A Lie algebra is a vector space g together with a binary operation
E§X8—8
(<, y) — [x, 1

which is bilinear and satisfies

[X’y] - —[y,X]
[X> [y,Z]] + [y> [va]] + [Z7 [x,y]] =0
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Basics

Lie Groups

50(3) = {a € M¥3(R)|a" = —a, tr(a) = 0}
= <rX7 ry, rz>
0 -1 0 d cos@ —sinf 0
r,=11 0 0 :% sin 6 cosf 0
0 0 0 0=0 0 0 1
[rxa ry] = Iz

infinitesimal symmetries (g = TG|.)
(WARNING: physicists use ﬂ'% to get Hermitian operators.)

lg| = dimg =dim TG = |G|
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Classification
Lie Groups

Theorem (Killing 1888-1890, Cartan 1894)

The simple Lie groups (no nontrivial normal subroups) are the
classical groups

An, | SU(n+1)
B, | SO(2n+1)
- Sp(n)
D) SO(2n)

together with the exceptional groups Gy, F4, Eg, E7, and Eg.

SU(n) = SU(n,C) Gy = Aut(0)
SO(n) = SU(n,R) Es = SL(3,0) [OP?]
Sp(n) = SU(n, H) Ez = Sp(6,0)

F, = SU(3,0) Eg = 77
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Lie Groups Magic Squares

The Freudenthal-Tits Magic Square

Freudenthal (1964), Tits (1966):

R C H | O
R | a as 3 | fa
Cla|a®a | as | ¢
H | c3 as 06 | ¢7
O] fa ¢6 e7 | es

Vinberg (1966):
sa(3,A ® B) @ der(A) & der(B)

der(H) =
der(0)

Il
a
N
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Lie Groups Magic Squares

Lie Group Description

R C H | O
R | A As G | R4
ClA | AADA | As | Es
H| G As Ds | E7
O | Fy Es E7 | Eg

Want:
“SU(3,A ® B)"
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SUMMARY

]
]
]
]
(]

There are four division algebras: R, C, H, O.
Spacetime dimensions 3, 4, 6, 10 are special.
Symmetry groups in those dimensions are special.
Some of these groups are exceptional...

Have: E; = SL(3,0), E7 = Sp(6,0)
(Dray-Manogue 2010, Wangberg—Dray 2013, 2015,
Dray—Manogue—Wilson 2014)

@ Should Have: Eg = SU(3,0’' ® Q).
(Kincaid-Dray 2014, Dray-Huerta—Kincaid 2014,
Wilson—Dray—Manogue in preparation)

@ Want: physics interpretation!
(Manogue—Dray 1999, 2000, 2010, ...)
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