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ABSTRACT

A 3-parameter family of solutions of the Einstein-Maxwell field

equations (the (C-metrics) are shown to be asymptotically flat at null

and spatial infinity in the sense of Geroch [17].The Bondi news

(and the electromagnetic radiation field in the charged case) is shown

to be nonzero, thus resolving the issue of existence of exact radiating

solutions to the Einstein and Einstein-Maxwell equations.The

ADM and Bondi masses are computed and discussed; in particular

the Bondi mass is shown to be negative in a neighborhood of spatial

infinity, and the ADM mass is zero. This analysis supports, at least

for some parameter values (including some which may be inter-

preted as black holes), the physical interpretation of this solution as

the gravitational and electromagnetic field of two uniformly acceler-

ating charged masses.However, evidence is presented which sug-

gests that, for other parameter values, the C-metrics describe neg-

ative mass solutions. The compatibility with positive mass theorems

is discussed.
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1: Intr oduction

We will analyze the asymptotic structure of a 3−parameter family of solu-

tions to the source-free Einstein-Maxwell equations.These solutions will be

called the C−metrics, following the terminology of Ehlers and Kundt [1]. The

vacuum C−metrics were first discovered by Levi-Civita in 1918 [2], then redis-

covered by Newman and Tamburino in 1961 [3], and again by Ehlers and Kundt

in 1963 [1]. Kinnersley and Walker [4,5] were the first to suggest a physical

interpretation, namely the combined gravitational and electromagnetic fields of a

uniformly accelerating charged mass.Several generalizations of the C−metrics

exist [6,7,8,9,10], but we will not discuss them here.

We will show that the C−metrics are asymptotically flat at both null and

spacelike infinity (although not quite AEFANSI; these terms will be precisely

defined in the next Chapter), thus strengthening the above physical interpreta-

tion, and verify that they hav egravitational as well as electromagnetic radiation.

The C−metrics are the first spacetimes to be shown to admit a conformal com-

pletion in which null infinity (I ) is topologicallyS2 × R 1 and which is regular in

a neighborhood of spatial infinity (io), and on which the Bondi-news is nonzero;

the analysis thus shows that there exist exact solutions of the Einstein and Ein-

stein-Maxwell equations which admit radiation in the sense of Bondi, Sachs, and

Penrose.2 However, since the C−metrics are time-symmetric, the presence of

outgoing radiation atI + implies the existence of incoming radiation fromI −; the

C−metrics thus donot represent isolated systems.

1However, the generators ofI arenot complete.

2Schmidt [11] has recently shown that certain Einstein-Rosen wav es are asymptotically empty and
flat at null infinity. See also the work of Bič ák [12].
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The material is organized as follows: Chapter2 is used to establish nota-

tion and conventions, and definitions of asymptotic flatness are given. In Chap-

ter 3,we review the basic properties of the C−metrics. It turns out that, except

for two 2−parameter families of electrovac solutions, the C−metrics each pos-

sess a 2−dimensional sheet of nodal singularities which considerably compli-

cates the global analysis. In Chapter 4, we show that essentially all of the

C−metrics admit a conformal completion in whichI is topologicallyS2 × R. In

order to do so, we perform an analytic extension; the resulting spacetimes repre-

sent the field oftwo uniformly accelerating particles.We also show in this

chapter that the Bondi news is nonzero. In Chapter5 we show that the C−met-

rics admit a conformal completion which is smooth at spacelike infinity (io). We

thus conclude that the total mass (energy) of the system, as measured by the

ADM mass, is zero.We discuss the global structure of the C−metrics in Chap-

ter 6,and include a discussion of the sense in which the vacuum C−metrics may

be regarded as black holes.In Chapter 7, we discuss the apparent contradiction

between the physical interpretation and the fact that the ADM mass is zero.We

do this first by considering the various positive energy conjectures, and then by

considering test particle orbits.For some parameter values we are able to find

bound test particle orbits around either one of the accelerating masses, strongly

supporting the physical interpretation.However, for other parameter values we

provide evidence which suggests that the physical interpretation may be incor-

rect, and that the accelerating masses may have neg ative mass. Anexplicit cal-

culation of the Bondi mass (for vacuum C−metrics) is presented in the

Appendix; to the best of our knowledge this is the first such calculation to be

done explicitly.
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2. Definitionsand Notation

We begin with certain definitions. By aspacetime(M , gab) we shall mean

a manifold M , possibly with boundary, equipped with a metricgab of Lorentzian

signature (− + + +). (All manifolds are assumed to be connected, Hausdorff, and

paracompact.) Aspacetime (M , gab) will be calledC∞ if both M and gab are

C∞. The Levi-Civita connection on (M , gab) will be denoted∇a. Our conven-

tions for the Riemann tensor, Ricci tensor, and scalar curvature are:

∇[a∇b] kc = ½Rabc
dkd for and kc; Rab = Ramb

m; R = Rm
m.3 Square brackets

denote antisymmetrization, round brackets denote symmetrization; both carry a

factor of
1

n!
.

Definition 1: A spacetime (̂M, ĝab) will be said to beasymptotically

empty and flat at null infinity [13] if there exists aC∞ spacetime (M , gab)

equipped with aC∞ functionΩ and an embedding of̂M into M (by which we

shall identifyM̂ with its image inM) such that:

i) gab = Ω2ĝab on M̂ ;

ii) Ω = 0 on ∂M̂ , ∇aΩ ≠ 0 on ∂M̂ ;

iii) the manifold of orbits ofna: = ∇aΩ|∂M̂ is diffeomorphic toS2; and

iv) Ω−2R̂ab admits a C∞ extension to∂M̂ .

The boundary∂M̂ of M̂ in M represents null infinity and will be denoted

by I ("Scri"; script I);4 R̂ab is the Ricci tensor of̂gab. Note that i) of course

implies thatΩ ≠ 0 on M̂ ; ii) ensures thatΩ ≈r −1 near I ; while i), ii), and iv)

3We use abstract indices throughout. This is to be contrasted with the component version of e.g.
the first of these equations: (∇[X∇Y] − ∇[X,Y])kZ = ½RXYZ

M kM .

4We are being somewhat sloppy here with the notationI ; This construction will only yield (part
of) a connected component of the boundary at null infinity (e.g.I +).
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imply that I is a null 3-surface, and that one can always perform a conformal

rescaling such that the vector fieldna is (locally) divergence free (i.e.

∇a∇aΩ |I = 0, or, equivalently, Lnqab = 0, whereLn denotes the Lie derivative

on I alongna andqab is the pullback ofgab to I ). Together with iii) they imply

that the Weyl tensor ofgab must vanish onI , enabling one to define e.g. the

Bondi 4-momentum.4½ The orbits (integral curves) ofna will be calledgenera-

tors of I .

If, in addition to the above conditions,na is a complete vector field (in the

conformal frames in which it is divergence free) then we say that (M̂, ĝab) is

asymptotically Minkowskian.

Definition 2: A spacetime (̂M, ĝab) will be said to beasymptotically flat

at spatial infinity [14,15] if there exists a spacetime (N, gab) which is C∞

ev erywhere except possibly at a pointio where N is C>1 and gab is C>0, 5

equipped with a functionΩ, which isC2 at io and C∞ elsewhere, and an embed-

ding of M̂ into N (by which we shall identifyM̂ with its image inN) such that:

v) gab = Ω2ĝab on M̂ ;

vi) Ω = 0, ∇aΩ = 0, and∇a∇bΩ = 2gab are all satisfied atio;

vii) J(io) = N − M̂ .

J(io) denotes the set of all points inN which can be reached fromio by a

non-spacelike curve in N, together with the pointio [16]. Conditionvi) ensures

thatΩ ≈r −2 neario, while vii) tells us that the set of points inN which are space-

like related to io is precisely M̂ . Furthermore, if we can find conformal

4½Note that onecannot introduce the news tensor of the Bondi 4-momentum unless iii) is satis-
fied.

5The awkward differential structureC>n is defined in [14]; the spacetimes we will consider will
turn out to be C∞ at io, which is a (very) special case of the above conditions.
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completions of (̂M, ĝab) such that i) thru vii) are satisfiedfor t he sameΩΩ (note

that M is thus naturally related toN), then vii) ensures thatI is just (a connected

component of) the lightcone atio (in M ∪ N).

A spacetime will be calledAEFANSI (Asymptotically Empty and Flat at

Null and Spatial Infinity) if i) thru vii) are satisfied (for the sameΩ) and it is

asymptotically Minkowskian.

We now collect from [16] some definitions about global structure.A

spacetime (̂M, ĝab) will be said to satisfy theweak energy condition if

T̂abwawb≥ 0 for any timelike vector fieldwa, whereT̂ab is the stress-energy ten-

sor constructed out of̂gab using the field equations.If, in addition, T̂
ab

wb is

non-spacelike for all timelike wb, then we saw that (M̂, ĝab) satisfies thedomi-

nant energy condition. Using the field equations one can relate these condi-

tions to various convergence conditions; see [16].

A (global) Cauchy surface is a spacelike hypersurface which every non-

spacelike curve intersects precisely once.

The (future)ev ent horizon of a spacetime (̂M, ĝab) which is asymptotically

empty and flat at null infinity is the boundary of the region from which particles

or photons can escape to infinity (I +) in the future direction. In the notation of

[16] we write this aṡJ
−
(I +, M̂).
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3. TheMetric 6

The C−metrics are usually given in the form

ĝab = r2( fab + hab)

with

fabdxadxb : = − F(y)dt2 +
dy2

F(y)

habdxadxb : =
dx2

G(x)
+ G(x)dz2 (3.1)

G(x) : = 1 − x2 − 2mAx3 − e2A2x4

F(y) : = − G(−y) = −1 + y2 − 2mAy3 + e2A2y4

r : = A−1(x + y)−1

and whereA > 0, m ≥ 0, ande are constants;A−1, m, and e have the dimensions

of length, whereas the coordinates (t, y, x, z) are dimensionless. The manifold

M̂ is determined by the coordinate ranges

t ∈R

x∈[x1, x2] (3.2)

y∈(−x,∞)

z∈[0, 2πκ ]

wherexi+1 > xi are the (real) roots ofG(x), andκ is a constant.(We assume that

G(x) has at least two real roots, i.e.e ≠ 0 or mA< 3−3/2, and that all of the roots

are distinct.) These coordinate ranges ensureG(x) ≥ 0,7 so that the signature is

Lorentzian, i.e. (− + + +), and that0 < r < ∞. There is a curvature singularity at

6The description of the C−metrics presented here is essentially the same as in [4,5].

7Note that ifG(x) has four distinct real roots, one could have chosenx∈[x4,x3] instead of the
above choice. We will not consider this possibility here, although these C−metrics are essentially
the same as those with only two distinct real roots.
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r = 0 unlesse = m = 0. TheMaxwell field is given by8

F̂ab = 2e∇̂[ay∇̂b] t , (3.3)

where ∇̂a is of course the Levi-Civita connection on (̂M, ĝab). For e = 0,

(M̂, ĝab) satisfies the vacuum Einstein equations (and is flat as well if (m = 0),

while for e ≠ 0 (M̂, ĝab, F̂ab) satisfies the source-free Einstein-Maxwell equa-

tions. Theparametersm, e, and A are interpreted as the mass, charge, and

acceleration of a particle located atr = 0 whose gravitational and electromag-

netic fields are described by the solution.There are two independent Killing

vector fields,∂t and∂z, which are both hypersurface orthogonal, and which com-

mute. However, the C−metrics arenot static because∂t is notev erywhere time-

like. In fact, the labels "t" and "z" are misleading;∂t will be interpreted as a

boost and∂z as a rotation,9 in analogy with their behavior in the flat limit

e = m = 0. Thesurfaces inM̂ on which∂t is null (F(y) = 0; y = yi = −xi with

i ≠ 1) will be called Killing horizons. There is also a conformal Killing tensor

K̂
ab = r 4hab (which is a Killing tensor ofr −2ĝab). Thesesymmetries make it

possible to integrate all null geodesics [4].

Eq. (3.2)allows us to show that the {(y, t)=constant} 2−surfaces have the

topology ofS2, which will be essential in the construction ofI in Chapter4.

Introduce new coordinates (ϑ,ϕ ) via

ϑ : =
x

x2

∫ G(x)−½dx (3.4a)

ϕ : = κ −1z.

8F̂ab is of course only determined up to a duality rotation.We hav echosen the expression with ze-
ro magnetic charge.

9We will show in Chapter 5 that this interpretation is correct atio.
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We now hav e

ϑ ∈ [0,ϑ o] (3.4b)

ϕ ∈ [0, 2π ]

and the metric on the {(y, t)=constant} 2−surfaces becomes

r2hab = r2

dϑ 2 + κ 2ρ(ϑ )2dϕ2


(3.5)

whereϑ o = ϑ(x1) and ρ(ϑ ) : = G(x(ϑ ))½. ρ(ϑ ) is thus positive and bounded in

(0,ϑ o), and vanishes atϑ = 0 and ϑ = ϑ o. hab is clearly regular except possibly

at the roots ofρ(ϑ ). A necessary and sufficient condition that the metric be reg-

ular at these roots is [4]κ −1 = |ρ′(ϑ )| there. We set κ −1: = |ρ′(0)|, thus ensuring

regularity atϑ = 0. However, we cannot in general avoid the presence of nodal

(i.e. conical)singularities atϑ = ϑ o unless |ρ′(0)| = |ρ′(ϑ o)| which occurs if and

only if m = 0 or |e| = m >
1

4A
. Note that, for these parameter values,G(x)

(and hence alsoF(y)) has exactly two real roots.In the general case, the points

ϑ = ϑ o must be deleted fromM̂ in order to preserve the C∞ differentiable

structure.

We now consider the {(x, z)=constant} submanifolds. These are clearly

regular except possibly at the roots ofF(y). We introduce a retarded coordinate

u via

Au : = t +
y

∫ F(y)−1dy (3.6)

We thus obtain fabdxadxb = − A2F(y)du2 + 2Adudy, and the full metric

becomes

ĝabdxadxb = r2

−A2F(y)du2 + 2Adudy+ dϑ 2 + κ 2ρ(ϑ )2dϕ2


(3.7)
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Thus, in the coordinate ranges determined by Eq. (3.2), namely

u ∈ R

ϕ ∈ [0, 2π ] (3.8)

ϑ ∈ [0,ϑ o]

y ∈ (−x2 −
ϑ

0
∫ ρ(ϑ )dϑ, ∞),

ĝab is thus regular everywhere except for a timelike 2−dimensional sheet of

nodal singularities atϑ = ϑ o (unlessm = 0 or |e| = m >
1

4A
).

Using (u, y,ϑ,ϕ ) as coordinates one can establish the following results: [4]

i) The We yl tensor is of Petrov type D (2−2) [27]. The (u, r ,ϑ,ϕ ) coor-

dinate system is adapted to one of the principal null vectors, namely

l a = (∂r )
a. Furthermore,l a generates a family of null hypersurfaces

on whichu =constant, andr is an affine parameter alongl a. Thus, the

C−metrics are Robinson-Trautman solutions [28]. In these coordi-

nates, the other principal null vector iska = (∂u)
a − (½ )A2r2F(y)(∂4)

a.

Note that asr goes to∞ the directions determined byka and l a coin-

cide; the C−metrics are thus Petrov type N [27] in this limit.

ii) For e andm fixed (andA in some neighborhood of0),
A→0
lim (M̂, ĝab) is

the Reissner-Nordström spacetime with chargee and massm. (The

condition onA is necessary because otherwise the limit may not be

defined; the coordinate ranges could otherwise change in a noncontin-

uous manner, e.g. because the number of roots ofG(x) changes.)

However, the (u, y,ϑ,ϕ ) coordinate system is useful for calculations.
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We now giv e expressions for the curvature tensor ofĝab. The Ricci tensor

is

R̂abdxadxb =
e2

r2
(− fab + hab) dxadxb (3.9)

=
e2

r2


A2F(y)du2 − 2Adudy+ dϑ 2 + κ 2ρ(ϑ )2dϕ2



Thus, the curvature scalar̂R = R̂
m

m is zero, and the Einstein tensor is the

same as the Ricci tensor (Ĝab = R̂ab).

The Weyl tensor is

Ĉabcd = 4rP(y,ϑ ) 

−2A2∇̂[au∇̂b] y∇̂[cu∇̂d] y + A2F(y)∇̂[au∇̂b]ϑ∇̂[cu∇̂d]ϑ

+A2κ 2ρ(ϑ )2F(y)∇̂[au∇̂b]ϕ∇̂[cu∇̂d]ϕ + 2κ 2ρ(ϑ )2∇̂[aϑ∇̂b]ϕ∇̂[cϑ∇̂d]ϕ

−A∇̂[au∇̂b]ϑ∇̂[cy∇̂d]ϑ − A∇̂[ay∇̂b]ϑ∇̂[cu∇̂d]ϑ (3.10)

−Aκ 2ρ(ϑ )2∇̂[au∇̂b]ϕ∇̂[cy∇̂d]ϕ − Aκ 2ρ(ϑ )2∇̂[ay∇̂b]ϕ∇̂[cu∇̂d]ϕ 


whereP(y,ϑ ) = m− e2A(y − x(ϑ )).

We now show that the C−metrics satisfy the dominant energy condi-

tion. We hav e

T̂ab = Ĝab = R̂ab =
e2

r2
(− fab + hab) (3.11)

where hab is positive definite. Let wa be a timelike vector field onM̂ .

Then

0 >  ̂gabwawb = r2


fabwawb + habwawb


(3.12)

which implies that

fabwawb < 0  (3.13)
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and hence

T̂abwawb =
e2

r2


− fabwawb + habwawb


≥ 0 (3.14)

with equality holding if and only ife = 0; this is the weak energy condition.

Furthermore,

ĝabT̂
ac

wcT̂
bd

wd =
e4

r8
ĝabwawb ≤ 0 (3.15)

where we have used the properties offab andhab, in particular fabhbc = 0.

Again, equality holds if and only ife = 0. Thus,the dominant energy con-

dition is satisfied.

We will classify the C−metrics usingn : = degG(x) ≡ degF(y) as

follows (see Figure 1):

i) n = 2: flat C−metrics (e = m = 0);

ii) n = 3, all roots real and distinct:vacuum C−metrics

(e = 0,mA< 3−3/2);

iii) n = 4, no nodes:regular C−metrics ((a)m = 0, e ≠ 0 or (b)

|e| = m >
1

4A
; note that in both cases there are exactly two real

roots, which are distinct);

iv) n = 4, two distinct real roots, with nodes;

v) n = 4, four distinct real roots.

We will restrict ourselves to these C−metrics in the remainder of this work.10 A

complete discussion of the parameter ranges for types iv) and v) appears in [4].

Types iii, iv, and v will be referred to collectively aschargedC−metrics.

10For C−metrics which do not have two distinct real roots we cannot give the {(y, t)=constant}
2−surfaces the topology ofS2 required in the construction ofI . The only remaining case is
C−metrics with multiple roots; these will not be considered here.
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4. Null Infinity 11

We first establish (Section4.1) that the regular C−metrics are asymptoti-

cally empty and flat at null infinity, but not asymptotically Minkowskian, and

show that they admit gravitational (and, in the charged cases, electromagnetic)

radiation. We then consider (Section 4.2) the flat C−metrics, and show how to

analytically extend these spacetimes in order to obtain "all" ofI (and, in particu-

lar, a neighborhood ofio). We then use a similar procedure to show (Sec-

tion 4.3)that the remaining C−metrics are also asymptotically empty and flat at

null infinity. Note that one must extend all C−metrics in order to obtain a neigh-

borhood ofio in I , while for nodal C−metrics it isessentialto extend the space-

times just to obtain aI which is topologicallyS2 × R.

4.1 RegularC−Metrics

We restrict ourselves in this section to the casesm = 0 and |e| = m >
1

4A
,

i.e. C−metrics of types i and iii.Let M be the manifold obtained from̂M by

extending the coordinate ranges in Eq. (3.8) to include the points {y = −x}, i.e.

{ r = ∞}.

11The material in Sections 4.1 and 4.2 is essentially the same as the presentation in [13].
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Define, onM ,

Ω : = r −1 ≡ A



y + x2 +

ϑ

0
∫ ρ(ϑ )dϑ





(4.1)

and

gabdxadxb : = Ω2ĝabdxadxb ≡ − A2F(y)du2 + 2Adudy+ dϑ 2 + κ 2ρ(ϑ )2dϕ2.

gab is thus C∞ ev erywhere onM , with signature (− + + +). We claim that

(M , gab), together withΩ, satisfy the conditions of Definition 1:Let Iu denote

the boundary ofM̂ in M , i.e. {Ω = 0}. Since dΩ = A(dx + ρ(ϑ )dϑ ), dΩ van-

ishes nowhere onIu. Furthermore, from Eq. (3.9) we have

Ω−2R̂abdxadxb = e2 

A2F(y)du2 − 2Adudy+ dϑ 2 + κ 2ρ(ϑ )2dϕ2


, (4.2)

which admits a smooth limit toIu. Thus it only remains to check that the mani-

fold S of orbits of na = ∇aΩ|Iu
is topologicallyS2. In the (u, y,ϑ,ϕ ) chart we

have

gab∇bΩ = (∂u)
a + AF(y)(∂y)

a + Aρ(ϑ )(∂ϑ )a. (4.3)

Thus Lnϑ ≠ 0, and so it is not clear that theS2 topology of the {u =constant}

2−surfaces (inIu) projects down toS. Howev er, since Lnu = 1, u is an affine

parameter along the generatorsna. Thus, the 2−surface {u = 0} is a crosssection

of Iu, and thereforeS has the same topology as this surface, namelyS2. We can

exhibit this diffeomorphism explicitly by defining a functionψ (ϑ, u) on Iu via

ψ (ϑ, 0) = ϑ and Lnψ = 0. (4.4)

We can now use (ψ ,ϕ ) as coordinates onS. We conclude that the regular

C−metrics are asymptotically empty and flat at null infinity.
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We now analyze the structure intrinsic toIu, where we regard Iu as a

3−manifold coordinatized by (u,ϑ,ϕ ). Let qab denote the pullback ofgab to Iu.

Thenqab is the (degenerate) metric onIu, and is given by

qabdxadxb = A2ρ(ϑ )2du2 − 2Aρ(ϑ )dudϑ + dϑ 2 + κ 2ρ(ϑ )2dϕ2, (4.5)

where we have used the fact that the pullback ofdy+ ρ(ϑ )dϑ to Iu vanishes and

thatF(y) = −ρ(ϑ )2 on Iu. From qabnb = 0 and Lnu = 1, we have

na = (∂u)
a + Aρ(ϑ )(∂ϑ )a (4.6)

where∂ denotes partial differentiationwithin Iu. Eq. (4.4) implies

dψ
ρ(ψ )

= − Adu+
dϑ

ρ(ϑ )
. (4.7)

Substituting this in Eq. (4.5) we obtain

qabdxadxb =
ρ(ϑ )2

ρ(ψ )2


dψ 2 + κ 2ρ(ψ )2dϕ2


(4.8)

whereϑ is now a function of u andψ . Note that the factor
ρ(ϑ )

ρ(ψ )
is in fact regu-

lar and nonzero:From Lnϑ = Aρ(ϑ ) and the definition ofψ (Eq. (4.4)),we have

ϑ = 0 iff ψ = 0; ϑ = ϑ o iff ψ = ϑ o. (4.9)

(Note that each of these represents asingle generator of Iu.) Thus,

Ln





ρ(ϑ )

ρ(ψ )





= Aρ′(ϑ )




ρ(ϑ )

ρ(ψ )




, which implies





ρ(ϑ )

ρ(ψ )





= e±Aκ −1u along the two gen-

eratorsψ = 0 andψ = ϑ o.12

12Regularity impliesρ′(ϑ o) = −ρ′(0) = : −κ −1. Note also thatna = (∂u)
a in the (u,ψ ,ϕ ) chart.
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We can now inv estigate the completeness of the generators ofIu. Howev er,

since Lnϑ ≠ 0, we also have Lnqab ≠ 0; the conformal frame (qab, na) is not

divergence-free. Usingthe gauge freedom available on Iu, we transform to the

conformal frame (q′ab: = ω 2qab, n′a: = ω −1na) with ω: =
ρ(ψ )

ρ(ϑ )
; Ln′q′ab is then

clearly zero. On each generator we wish to determine the range ofu′, the affine

parameter alongn′a satisfyingLn′u′ = 1. Firstof all, we have du′ = ω du along

any generator. On any generator with ψ ≠ 0,ψ ≠ ϑ o, we obtain

u′ = ρ(ψ ) ∫ ρ(ϑ )−1du. But ρ(ϑ ) is bounded above, and hence, asu ranges over

(−∞,∞), so mustu′. We conclude that all generators withψ ≠ 0,ψ ≠ ϑ o are

complete.

Consider next the generatorψ = 0. Using our previous result, we have

du′ = e−Aκ −1udu along this generator, i.e. u′ = −
κ
A

(e−Aκ −1u −1), where we have

set u′|u=0 = 0. As u ranges over (−∞,∞), u′ ranges over (−∞,
κ
A

). Thus, the

generatorψ = 0 is incomplete in the future.Similarly, along the generator

ψ = ϑ o we have du′ = e+Aκ −1udu, and henceu′ =  +
κ
A

(eAκ −1u −1). As u ranges

over (−∞,∞), u′ now ranges over (−
κ
A

,∞); this generator is incomplete in the

past. SeeFigure 2. We hav ethus shown that these spacetimes arenot asymptot-

ically Minkowskian.

We now show that there is radiation. As expected from a general theorem

(Theorem 11 of [17]), the Weyl tensorCabcd = Ω2Ĉabcd of gab vanishes onIu,

andΩ−1Cabcd admits a smooth limit toIu. Denote the pullback ofΩ−1Cabcd to Iu

by Kabcd and setKac : = Kabcdn
bnd. Then

Kabdxadxb = 3A2ρ(ϑ )2P|I(−Aρ(ϑ )2du2 + 2Aρ(ϑ )dudϑ (4.10)

−dϑ 2 + κ 2ρ(ϑ )2dϕ2)
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whereP|I = m+ 2e2Ax(ϑ ). In the Newman-Penrose notation [18], the fact that

Kab is not identically zero onIu (unlesse = m = 0) means thatψ4
0 is not identi-

cally zero onIu, which in turn means that the news function cannot vanish iden-

tically on Iu. Alternatively, in the Geroch notation [17],Kab can be expressed in

terms of the derivative of the news tensor, which therefore cannot vanish identi-

cally on Iu.13

Finally, we turn to the electromagnetic field.We hav e

Fab ≡ F̂ab = 2eA∇̂[ay∇̂b]u (4.11)

so that

Fab∇bΩdxa = eAdy− eA2F(y)du (4.12)

and thus the pullback of this expression to Iu is given by

−eAρ(ϑ )dϑ − eA2F(y)du, which is not identically zero onIu (unlesse = 0). In

the Newman-Penrose notation, this means thatφ2
0 is not identically zero onIu.

We conclude that the regular C−metrics contain both electromagnetic and gravi-

tational radiation. Furthermore, as we shall see in Section4.3, the above

derivation is quite general, and in fact establishes the presence of gravitational

radiation forall C−metrics except for the flat C−metrics, and the presence of

electromagnetic radiation ife ≠ 0.

13Both of these results are stated in conformal frames which are divergence free.However, since
K ′ab = ω −1Kab ≠ 0, andω ≠ 0, our conformal frame in fact suffices.
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4.2 FlatC−metrics

The flat C−metrics (e = m = 0) are a subclass of the C−metrics considered

in the preceding section.Yet, our construction yielded aI whose generators are

not all complete!How is this possible?It turns out that our charts only cover

half of Minkowski space. More generally, all of the C−metrics admit analytic

extensions, and it is these extended manifolds which will be asymptotically flat

and empty at null infinity in a neighborhood ofio. We restrict ourselves in this

section to the flat C−metrics, and carry out the construction explicitly; this will

then serve as a model for the general construction in the next section.

Let (M̂, ĝab) be the spacetime of Eqs. (3.7) and (3.8) withe = m = 0. We

then have F(y) = y2 −1, ρ(ϑ ) = sinϑ , and κ = 1. Usingthe method of [19], we

set

U : = eAu; UV : =
y −1

y +1
(4.13)

which leads to

ĝabdxadxb = r2

(y +1)2dUdv+ dϑ 2 + sin2 ϑ dϕ2


(4.14)

where

y(U ,V) =
1 + UV

1 − UV
(4.15)

Ar(U ,V) =
1 − UV

1 − cosϑ + UV(1 + cosϑ )
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The manifold inM̂ is given by

ϑ ∈ [0, π ]

ϕ ∈ [0, 2π ] (4.16)

U > 0

cosϑ −1

cosϑ +1
< UV < 1

We can extendM̂ to a new manifold N̂ by simply dropping the conditionU > 0;

see Figure 3. Note that ˆgab is C∞ on N̂; { y = −1} is not part ofN̂.

Introducing new coordinates via

x : = r sinϑ cosϕ

y : = r sinϑ sinϕ (4.17)

z : = r
U + V

1 − UV

t : = r
U − V

1 − UV

we discover that

ĝabdxadxb = dx2 + dy2 + dz2 − dt2; (4.18)

(x, y, z, t) are the usual coordinates on Minkowski space. It is easy to check that

N̂ corresponds to all of Minkowski space, with the "singularities" atr = 0 (i.e.

x = y = 0, z2 − t2 = A−2)14 removed, while M̂ corresponds to the submanifold of

14It is the behavior of ther = 0 "singularity" in the flat C−metrics which leads to the interpretation
of (a) constantly accelerating particle(s).We make no effort to remove these coordinate singulari-
ties here, because, except for the flat C−metrics, they are curvature singularities and cannot be re-
moved.
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N̂ with z + t > 0. Thus, theI of M̂ should, indeed, have two half generators

missing, as shown in the last section.We now show that N̂ admits a conformal

completion whose generators are complete except for the two "bullet holes" cor-

responding to the intersection of ther = 0 "singularities" withI .

We will repeat the construction of the previous section, again usingr −1 as

our conformal factor. Unfortunately, since r = ∞, ϑ = π implies that y=-1, the

rescaled metricgab: = Ω2ĝab is not well-behaved in the (U ,V,ϑ,ϕ ) chart. We

avoid this problem by using two coordinate patches to cover I . One of these

will be the (u, y,ϑ,ϕ ) coordinates in which we made detailed calculations in

Section 4.1.We introduce a second, "dual", chart (ũ, y,ϑ,ϕ ) by defining, for

V < 0,
cosϑ −1

cosϑ +1
< UV < 1:15

Aũ : = ln(−V) (4.19)

(Note that r = ∞ corresponds toUV =
cosϑ −1

cosϑ +1
≤ 0.) We now hav e, in the

(ũ, y,ϑ,ϕ ) chart:

gabdxadxb = − A2(y2 −1)dũ2 + 2Adũdy + dϑ 2 + sin2 ϑ dϕ2 (4.20a)

while in the (u, y,ϑ,ϕ ) chart:

gabdxadxb = − A2(y2 −1)du2 + 2Adudy+ dϑ 2 + sin2 ϑ dϕ2 (4.20b)

These charts intersect in the region U > 0, V < 0; the intersection isC∞ since

u + ũ = A−1 ln




y −1

y +1




. Each of these charts can clearly be extended to include a

surface atr = ∞ (i.e. y = cosϑ ); denote these surfacesIu and I ũ , respectively.

15We use "ũ" instead of "v" becauseboth u andũ are retarded coordinates; this corresponds to the
usage in [13], withw, w̃ replaced here byAu, Aũ.
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Using the procedure of Section 4.1, we see that each of these is topologically

S2 × R (with incomplete generators) and can be coordinatized by (u,ψ ,ϕ ) and

(ũ,ψ̃ ,ϕ ), respectively, with

qabdxadxb =
sin2 ϑ
sin2ψ



dψ 2 + sin2ψ dϕ2



Lnψ = 0 (4.21a)

na = (∂u)
a

and

qabdxadxb =
sin2 ϑ
sin2ψ̃



dψ̃ 2 + sin2ψ̃ dϕ2



Lnψ̃ = 0 (4.21b)

na = (∂ũ )a

Sinceu + ũ = A−1 ln




cosϑ −1

cosϑ +1





on Iu ∩ I ũ , it follows that this intersection is all

of H : = Iu ∪ I ũ except {ϑ = 0 or ϑ = π }. On the intersection, the metrics of

course agree, and

na = ña

du+ dũ =
2A−1dϑ

sinϑ
(4.22)

dψ
sinψ

= −
dψ̃

sinψ̃
,

the last of which yieldsψ + ψ̃ = π , since at the points (u = 0,ϑ =
π
2

,ϕ ) we hav e

ũ = u = 0 andψ = ψ̃ =
π
2

. We can thus extendψ (andψ̃ ) to all of H by requiring
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ψ + ψ̃ = π ev erywhere. Introducingan affine parameterũ ′ on I ũ analogously to

the introduction ofu′ on Iu, we see thatũ ′ (andu′) ranges over (−∞,∞) on all

generators exceptψ = 0 andψ = π , and thatũ ′ ranges over (−∞,
1

A
) on the gen-

eratorψ = π (ψ̃ = 0), and over (−
1

A
,∞) on the generatorψ = 0 (ψ̃ = π ). As

shown in Section4.1, u′ ranges over (−
1

A
,∞) on ψ = π , and over (−∞,

1

A
) on

ψ = 0. It remains to determine the relationship betweenu′ andũ ′ on these gen-

erators. Butsince both are affine parameters onIu ∩ I ũ , we must have

ũ ′ = u′ + α (ψ ,ϕ) for some smooth functionα ; one can show that

ψ →0
lim α(ψ ,ϕ) = −

2

A
(4.23)

ψ →π
lim α(ψ ,ϕ) =

2

A
.

We can use this to extend, say, u′ to an affine parameterev erywhere on H , and

find that it takes on all values between−∞ and∞ on all generators, except for

the valuesu′ =
1

A
on ψ = 0 and u′ = −

1

A
on ψ = π , corresponding to the two

bullet holes (see Figure 4).

Note thatH doesnot satisfy Definition 1: Because the two generators

labeled byψ = 0 andψ = π are disconnected, the "manifold" of orbits ofna fails

to be Hausdorff! This appears to be due to a technical flaw in Definition 1. (Is

there a simple way to fix this?)We can avoid this problem by deleting e.g. the

two half generators withϑ = π ; the resulting manifoldI is Scri in the sense of

Definition 1. Finally, we note that we have in fact constructedI +, and that I −

would have been obtained by considering the regionU > 0, V < 0.
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4.3 TheGeneral Case16

We are now ready to discuss the general nodal C−metric (M̂, ĝab). For

these spacetimes, the construction of Section 4.1 yields a 3-surface Iu which is

topologically S2 × R, but which inherits a nodal singularity from̂M . Since these

points must be removed from Iu, the resultingmanifold is topologicallyR3, and

this (M̂, ĝab) has not been shown to be asymptotically empty and flat at null

infinity. Howev er, the results of the previous section suggest (see Figure 4) that,

if we extendM̂ prior to the conformal completion, the resultingI might be regu-

lar on a full "S2-worth" of generators, since the metric is regular atϑ = 0, which

corresponds to the "bottomhalves" ofboth the generatorψ = 0 and the genera-

tor ψ = π . We will show that this is correct, and that theextendedspacetimes

are asymptotically empty and flat at null infinity. Furthermore, the same proce-

dure is necessary even for regular (and flat) C−metrics in order to obtain a neigh-

borhood ofio in I +.

For the remainder of this section let (M̂, ĝab) be the region of the spacetime

of Eqs. (3.7, 3.8) given by y < y3, wherey3 = ∞ by convention for those C−met-

rics with only one Killing horizon (i.e. types i, iii, iv).17 Introduce new coordi-

nates (U ,V,ϑ,ϕ ) via [19]: (Note thatκ −1 ≡ F′(y2).)

U : = eκ −1Au = eκ −1(t+y*)

UV : = sgn(y − y2)e
2κ −1y* (4.24)

16The restriction of the procedure in this section to the vacuum C−metrics is treated explicitly in
[13].

17Recall thaty = y1 doesnot determine a Killing horizon sincey can only take this value atr = ∞.
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where

y* = ∫
dy

F(y)
.

Note thatey* is regular on the region under consideration althoughy* is not.

The metric now takes the form:

ĝabdxadxb = r2 


κ 2F(y)dUdV

UV
+ dϑ 2 + κ 2ρ(ϑ )2dϕ2


(4.25)

wherey is to be thought of as a function ofU andV determined implicitly by

Eq. (4.24). M̂ is now giv en by

ϑ ∈ [0,ϑ o)

ϕ ∈ [0, 2π ] (4.26)

U > 0

−e2κ −1x* < UV < B

whereB = 1 if y3 = ∞, and B = ∞ otherwise, andx* = ∫
dx

G(x)
; again, note that

ex* is well-behaved although x* is not. (Notethat we have removed the points

ϑ = ϑ o ev en for regular C−metrics.)We extend m̂ to a new manifold N̂ by drop-

ping the restrictionU > 0  from Eq (4.26); see Figure5. Notethat gUV is C∞ at

UV = 0 (i.e. y = y2), and is thus regular everywhere onN̂. We wish to consider

the surface defined byUV = −e2κ −1x* . 18 Sincey can take on the valuey1 (but not

y3) on this surface, and sincegUV is not defined there, we see that the

(U ,V,ϑ,ϕ ) chart is not suited to the construction ofI . As in the last section, we

18It is straightforward to check that this condition is equivalent toy = −x, i.e.r = ∞.
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introduce a new coordinateũ on the regionV < 0 of N̂ by

Aũ : = κ ln(−V) (4.27)

and work in the region U > 0, V < 0  of N̂, which is the intersection of the

(u, y,ϑ ,ϕ ) and (ũ, y,ϑ,ϕ ) charts. Onthe intersection we have

Au+ Aũ = 2y* (4.28)

and the two charts thus have aC∞ overlap; the conformal metricgab: = r −2ĝab is

given by

ĝabdxadxb = − A2F(y)du2 + 2Adudy+ dϑ 2 + κ 2ρ(ϑ )2dϕ2 (4.29)

= − A2F(y)dũ2 + 2Adũdy + dϑ 2 + κ 2ρ(ϑ )2dϕ2

We now extend each chart separately to include 3−surfaces atr = ∞, defined

now by x2 +
ϑ

0
∫ ρ(ϑ )dϑ + y = 0; denote these surfaces Iu and I ũ , respectively.

Again using the procedure of Section 4.1, we see that each of these is topologi-

cally S2 × R, and can be coordinatized by (u,ψ ,ϕ ) and (ũ,ψ̃ ,ϕ ), respectively,

with:

dψ
ρ(ψ )

= − Adu+
dϑ

ρ(ϑ )

dψ̃
ρ(ψ̃ )

= − Adũ +
dϑ

ρ(ϑ )
(4.30)

Lnψ = 0 = Lnψ̃

The intersectionIu ∩ I ũ is again all of I : = Iu ∪ I ũ except those generators

labeled byψ = 0 in Iu andψ̃ = 0 in I ũ . But since, onIu ∪ I ũ ,

Adu+ Adũ =
2dϑ
ρ(ϑ )

(4.31)



-25-

we have

−
dψ

ρ(ψ )
=

dψ̃
ρ(ψ̃ )

(4.32)

there. Thus,ψ andψ̃ are smoothly related, and satisfy

ψ →0
lim ψ̃ = ϑ o (4.33)

ψ →ϑ o

lim ψ̃ = 0 .

Unlike the flat case, it appears here that we can only make statements about lim-

its. However, this suffices to allow us to extendψ (andψ̃ ) to all of I . But we

have thus shown thatI is topologicallyS2 × R; there are generators forall values

of ψ in [0,ϑ o]. Furthermore,sinceϑ ≠ ϑ o on I , the pullbackqab of gab to I is

regular everywhere onI . From Eq. (4.2) we again see that the condition onR̂ab

is satisfied.We conclude thatall the C−metrics considered here7,10 are asymp-

totically empty and flat at null infinity. Finally, we can still conclude from

Eqs. (3.9)and (3.10) that the C−metrics contain gravitational radiation (unless

e = m = 0) and electromagnetic radiation (ife ≠ 0), since it suffices to show that

Kab and the pullback ofFab∇bΩ to I fail to vanish identically on some open

region ofI , e.g. the (u, y,ϑ,ϕ ) chart.

In complete analogy to the results of Section4.2, one finds that all of the

generators for nodal C−metrics are complete except for ψ = 0 and ψ = ϑ o,

which areboth incomplete in the future and complete in the past (see Figure6).

(This situation would be reversed if we had placed the nodes atϑ = 0 instead of

atϑ = ϑ o.) In all cases, (̂N, ĝab) is not asymptotically Minkowskian.
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5. SpatialInfinity 19

We are now in a position to show that the C−metrics are also asymptoti-

cally flat at spatial infinity, and to analyze the structure there. In particular, we

show that the ADM mass is zero, and we justify the interpretation of the Killing

vectors∂t and∂ϕ as a boost and a rotation, respectively.

Note that the results of Chapter 4 are unchanged if we replace the confor-

mal factorr −1 by

Ω′ : =
A

2κ r
≡

A

2κ
Ω ; (5.1)

i.e. we can show that the spacetime (N̂, ĝab) of Chapter 4 is asymptotically

empty and flat at null infinity using the conformal factorΩ′. Let N be the exten-

sion of N̂ obtained by adding the surfaceΩ′ = 0 in the (U ,V,ϑ,ϕ ) chart (i.e.

those points withUV = −e2κ −1x* ), and set

gab : = Ω′2ĝab =
A2

4





F(y)dUdV

UV
+ κ −2dϑ 2 + ρ(ϑ )2dϕ2





(5.2)

We claim that the conformal completion (N, gab) of (N̂, ĝab) already suffices to

establish asymptotic flatness at spatial infinity, and that the point

Q:=(U = 0 = V, ϑ = 0) is io: (N, gab) is C∞ ev erywhere, including atQ, while

{ Ω′ = 0}≡ Q∪ I , whereI : = I∪ I ũ as in Chapter 4.Thus, in order for Definition

2 to be satisfied, it only remains to show that, atQ:

∇aΩ′ = 0 (5.3)

∇a∇bΩ′ = 2gab.

19The results in this section appear in [20].
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Since ϑ = 0 at Q,20 the 2−sphere coordinates (ϑ,ϕ ) of our chart are badly

behaved there. We therefore replace them in a neighborhood ofQ with

ξ : = κ ρ(ϑ ) cosϕ (5.4)

η : = κ ρ(ϑ ) sin ϕ

and do our calculations in the (U ,V,ξ,η) chart. It is now straightforward (using

l’Hôpital’s rule) to verify that Eq. (5.3) is satisfied.We conclude that the

C−metrics are asymptotically flat at spatial infinity.

We classify the Killing vector fields of the C−metrics by their behavior

neario (compare [21]).We must, of course, work in coordinates which are well-

behaved in a neighborhood ofio. In the (U ,V,ξ,η) chart we have

∂t = κ −1U∂U − κ −1V∂V (5.5)

and

∂ϕ = ξ∂η − η∂ξ.

This is precisely the behavior we expect for a boost and a rotation, respectively.

We now turn to the ADM mass.We hav eseen that the C−metrics admit a

C∞ differential structure atio. But C1 suffices in order to conclude that the

ADM 4−momentumPa vanishes [14]! This result is, however, no surprise.21

There are two independent arguments which show that Pa must vanish if it is

well-defined, i.e.if io exists. Thefirst of these [22] is that the ADM 4−momen-

tum must be invariant under the action of any Killing vector fields on the physi-

cal spacetime (̂M, ĝab). We hav e just seen that the Killing vector fields of the

20Note thatQ is not the origin in the (U ,V,ϑ,ϕ ) chart.

21However, see the discussion in Chapter 7.
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C−metrics may be interpreted as a boost (∂t) and a rotation (∂ϕ ); furthermore,

these vector fields commute with each other. But the only vector left invariant

under the action ofboth ∂t and∂ϕ is the zero vector.

The second argument is based on the following statement: Assuming that

the Bondi news tensor has the appropriate falloff at io, the limit of the Bondi

4−momentum atio will be preciselyPa [23]. It is shown in the Appendix that,

at least for vacuum C−metrics, the condition on the news tensor is satisfied, and

that the Bondi 4−momentum goes to zero atio. Michael Streubel has also

shown this for regular C−metrics with |e| = m [24].

Finally, note that althoughr was a "good" radial coordinate nearI (i.e.

r −1 ≈ Ω′), it is abad radial coordinate neario (where one desiresr −2 ≈ Ω′). In

particular, note that for the flat C−metrics of Section 4.2 one hasr ≠ r , wherer

is the radial coordinate of Minkowski space.However, this behavior seems to be

a natural consequence of the accelerated motion.
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6. GlobalStructure

We hav eshown that, although the C−metrics arenot AEFANSI spacetimes,

the only requirement of an AEFANSI spacetime which they fail to meet is that

the generators be complete. Although this complicates the analysis of the global

structure considerably,22 a more important problem is the lack of a good angular

coordinate to replaceϑ , e.g. when trying to draw Penrose diagrams. The prob-

lem is that the intersection of {(ϑ,ϕ )=constant} hypersurfaces withI is not, in

general, null.However, as was shown in [13], the "Penrose diagrams" of [4]are

essentially correct in that they display the basic global structure.We now sum-

marize the results of [4,13].

Now that we have shown that the underlyingextendedspacetime (̂N, ĝab)

is asymptotically flat, we may use the procedure of [19] to determine the maxi-

mal extension of the conformal spacetime (N, gab) by successively extending

across the Killing horizonsy = yi with i ≠ 1. This results in the "Penrose dia-

grams" of [4]23, which are partially reproduced in Figure7 for 2−root C−metrics

(types i, iii, iv) and in Figure8 for vacuum C−metrics.It is clear from these that

in the former case, which includes the regular C−metrics, the singularities at

r = 0 are naked singularities and that all partial Cauchy surfaces are contained in

the causal past ofI +. These results still hold for type v) C−metrics, although the

topology of the resulting extended spacetime is quite complicated, and there is

more than one asymptotic region. However, for the vacuum C−metrics, the

r = 0 singularities are spacelike, and lie behind the event horizons aty = y3.

(The surfaces {y = y3} are event horizons despite the fact that we have only

22In particular, many of the theorems in [16] no longer apply; the C−metrics fail to be future
asymptotically predictable.

23Note that in [4] asymptotic flatness isassumed.
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considered 2−surfaces with (ϑ,ϕ ) constant.) Thuswe may say that the vacuum

C−metrics represent black holes; the partial Cauchy surface S in Figure8 is such

that S − S∩ J−(I +) has two disconnected components.However, as pointed out

in [13], the standard definition of a black hole requires complete generators on

I + and is simply not designed for "constantly accelerating black holes".
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7. Positive Energy Conjectures

If we accept the physical interpretation of [4], namely that the C−metrics

describe two particles of (positive) massm and charge e undergoing constant

accelerationA, then we intuitively expect that the total mass (energy) of the sys-

tem should be positive. Yet we have just seen that the ADM mass, which one

interprets as the total mass, is zero forall C−metrics. Furthermore,since the

Bondi news is nonzero in any neighborhood ofio (except for the flat C−metrics),

this implies that the Bondi mass, whose interpretation at any instant of retarded

time is the total mass minus the energy radiated away prior to that time, is in fact

negative in a neighborhood ofio on I + [23].24

We attempt to clarify these points in this chapter. In Section 7.1we first

briefly discuss the existing positive mass theorems and conjectures, and show

that none of the C−metrics violate any of the existing formulations. Also in

Section 7.1we present theintuiti ve resolution for nodal C−metrics of the appar-

ent conflict between zero ADM mass and failure to violate positive mass conjec-

tures. In Section 7.2we examine regular C−metrics, in particular the case

|e| = m >
1

4A
. (The casem = 0 is not very interesting.)We show that for these

parameter values there are probably no bound test particle orbits, and argue that

these C−metrics represent the fields of particles withnegative mass, contrary to

the usual physical interpretation. It is also shown that most of the C−metrics

with a Reissner-Nordström limit25 in factdo have bound test particle orbits, thus

reinforcing the standard interpretation of these C−metrics.

24This is explicitly verified for the vacuum C−metrics in the Appendix.Michael Streubel [24] has

also checked this for|e| = m >
1

4A
. In both cases, the required condition on the falloff of the news

tensor in [23] is satisfied.

25More precisely, for all such C−metrics except |e| > m andm = e = 0.
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7.1 Statementof Conjectures, and Relevance to C−Metrics26

We first state several conjectures about the positivity of the Bondi massMB

on I +. Let (M̂, ĝab) be an AEFANSI27 spacetime satisfying the dominant energy

condition.

Conjecture 1: If there exists a global, regular Cauchy surface, thenMB ≥ 0

ev erywhere onI +.

Conjecture 2: If, in the (maximal) conformally completed manifold, there

exists an acausal hypersurface S with (disconnected) boundary atI + and at an

apparent horizon, which intersects all nonspacelike curves which start onI + to

the future of S, then MB > 0  to the future of S. (In fact, one suspects

MB ≥ 


SA

16π



½

, where SAis the area of the apparent horizon.) See Figure 9.

Conjecture 3: If, in the (maximal) conformally completed manifold, there

exists an acausal hypersurfaceS with boundary atI +, which intersects all non-

spacelike curves which start onI + to the future ofS, then MB ≥ 0 to the future

of S. See Figure 10.

We will ignore the fact that the C−metrics are notAEFANSI; we expect

that, so long as the other hypotheses are satisfied, the conjectures should still be

applicable to the C−metrics.28, 2 9 We will consider each of these conjectures in

26I am grateful to Pong Soo Jang for summarizing the state of the art for Bondi mass conjectures,
and to Richard Schoen for discussions of ADM mass conjectures.

27Asymptotically Minkowskian is probably sufficient.

28Throughout this chapter we will ignore the flat C−metrics: Although the results as stated are al-
so applicable to these C−metrics, ther = 0 "singularity" there is only a coordinate singularity, and
could thus be removed.

29However, we must now assumethat all apparent horizons lie behind or on an event horizon; i.e.
cannot be seen fromI +. Although one expects this to be true if the physical interpretation is cor-
rect, the standard proof [16] doesn’t work here. See Footnote 22.(For the definition of an appar-
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turn, and show that the result that the Bondi mass is negative in a neighborhood

of io on I + doesnot lead to any contradictions. We showed in Chapter 3 that the

C−metrics satisfy the dominant energy condition.However, it is easy to see that

the C−metrics have no global, regular Cauchy surfaces: Onecan never predict

the future of the bullet holes from data given in their past.For the same reason,

the hypersurface required in Conjecture2 cannot exist (since at least one bullet

hole would lie in its future), while that required in Conjecture3 must intersectI +

to the future of both bullet holes. Thus,MB < 0  in a neighborhood ofio in I + is

not in any way inconsistent with these conjectures.Furthermore, for nodal

C−metrics it is essential to place the nodes atϑ = 0 in order to discuss Conjec-

ture 3. As is shown in the Appendix, when this is done for vacuum C−metrics

the Bondi mass on crosssections in the future of the bullet holes is, in fact, posi-

tive. Although we have not checked this explicitly for charged C−metrics, we

expect to have no difficulty showing that, as in the vacuum case,MB approaches

zero in the limit towards I +; which implies MB ≥ 0 to the future of the bullet

holes.

We now turn to the ADM massMADM , and the recent results of Schoen and

Yau [25,26].30 Let (M̂, ĝab) be asymptotically flat at spatial infinity and satisfy

the dominant energy condition.

ent horizon see [16].)

30These results are presented here as conjectures, rather than as theorems, because they are ex-
pressed in a different language than the theorems proved in [25,26]. Theexact correspondence has
not been verified in detail.
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Conjecture 4: If there exists a regular, geodesically complete, spacelike

hypersurface diffeomorphic toR3, then MADM ≥ 0, with equality holding if and

only if M̂ is (a submanifold of) Minkowski space.

Conjecture 5: If there exists a regular, geodesically complete, spacelike

hypersurface with (disconnected) boundary atio and at an apparent horizon,

which is diffeomorphic toR3 minus a ball, thenMADM ≥ 0, with equality hold-

ing as above.31 See Figure 11.

However, there areno geodesically complete spacelike hypersurfaces for

the C−metrics. (This is stronger than the statement above that there are no

global Cauchy surfaces.) Thisis clear for those C−metrics in which ther = 0

singularity is timelike (degF(y) = 4), but us also true for the vacuum C−metrics,

since there are timelike curves from I + to I − with ϑ = ϑ o. Thus, Conjecture4

does not apply. The same argument shows that Conjecture5 does not apply (to

the vacuum C−metrics) when one notices that the above timelike curves with

ϑ = ϑ o must lie entirely outside the horizony = y3, whereas one expects that all

apparent horizons should lie inside this horizon.

In conclusion, the only Conjecture whose hypotheses can be satisfied is

Conjecture 3,and, if the nodes are placed so that Conjecture3 is applicable, we

find that the result (MB ≥ 0) does, in fact, hold.

Now that we have shown that MADM = 0 does not lead to any contradic-

tions, we present anintuiti ve explanation of what is going on:32 The physical

31One can generalize this to allow for the possibility of several apparent horizons and/or several
asymptotic regions. Theresult proved in [25,26] is in fact stronger than the statement here; the
"apparent horizon" requirement can be weakened considerably.

32This point of view is implicitly contained in [4].
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interpretation of the C−metrics [4] provides no explanation of the acceleration of

the particles. One thus interprets [4,13] the 2−dimensional sheet of nodal singu-

larities atϑ = ϑ o as a strut keeping the particles apart.Alternatively, placing the

nodes atϑ = 0, one interprets the two resulting sheets of singularities as strings

holding the particles apart. In either case, one interpretsMADM = 0 as represent-

ing a positive contribution from the particles and a negative contribution from

the potential energy of the strut or strings.

Supporting this point of view, Ernst [6,7, see also 8] has shown that the

introduction of a gravitational or electric field to provide a physical explanation

for the acceleration can be done so as to remove the nodal problems.

7.2 Test Particle Orbits

The intuitive explanation of zero total mass as presented in the last section

for nodal C−metrics does not work for the regular C−metrics. In fact, there is a

simple argument which seems to indicate that the mass of the two particles

described by the regular C−metrics is negative: From Conjecture3 of the last

section, we expect the Bondi mass to be positive in the future of the bullet holes

on I +,33 and we know the Bondi mass is negative to the past of the bullet holes

on I +. Thus, it seems that the particles must carry away neg ative mass in order

to explain the jump from negative to positive Bondi mass.34 Note that this argu-

ment makes no sense at all for nodal C−metrics, since one cannot then discuss

the Bondi mass to the futureand to the past of the bullet holes.

33This has only been explicitly verified for the vacuum C−metrics.

34An alternative explanation is that the large amount of radiation hittingI + near the bullet holes
carries negative energy. Since the radiation elsewhere appears to carry positive energy, we will as-
sume that this is also the case in a neighborhood of each bullet hole.
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We will not examine the casem = 0 in detail. TheseC−metrics do have a

well-behaved limit to the corresponding Reissner-Nordström spacetimes, and we

expect that any nonstandard properties of these C−metrics will either carry over

to the Reissner-Nordström spacetimes or be negligible for smallA.

We start our discussion of the case|e| = m >
1

4A
by emphasizing that these

C−metricsDO NOT have a Reissner-Nordström limit: As A → 0 (with e andm

held constant), we eventually reach|e| = m =
1

4A
, after which we must either

redefineϑ (and thus get a Reissner-Nordström limit at the cost of introducing

nodal singularities) or have our metric no longer remain Lorentzian.We will

now show that these C−metrics probably do not have any bound test particle

orbits, although (most of) those C−metrics with a Reissner-Nordström limit do

have bound orbits.

We can write the C−metrics using coordinates (τ , r ,ϑ,ϕ ), whereτ = A−1t,

as

ĝabdxadxb = − A2r2F(y)dτ 2 +
dr2

A2r2F(y)
+

2ρ(ϑ )drdϑ
AF(y)

(7.1)

+r2

1 +

ρ(ϑ )2

F(y)



dϑ 2 + r2κ 2ρ(ϑ )2dϕ2

wherey is now reg arded as a function ofr andϑ .
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The timelike geodesics of the C−metrics can now be characterized as follows:

λ m∇mλ a = 0

λ a = τ̇ (∂τ )a + ṙ(∂r )
a + ϑ̇(∂ϑ )a + ϕ̇(∂ϕ )a

ϕ̇ =
Jz

r2κ 2ρ(ϑ )2
(7.2)

τ̇ =
E

A2r2F(y)

±ϑ̇ = r −2



J2 −

J2
z

κ 2ρ(ϑ )2




½

±ṙ = − Aρ(ϑ )



J2 −

J2
z

κ 2ρ(ϑ )2




½

±

E2 − A2r2F(y)M2 − A2F(y)J2



½

whereJz andE are the constants of the motion corresponding to the two Killing

vectors (which can be interpreted as thez−component of angular momentum

and the "energy" of the test particle in the rest frame of the particle atr = 0,

respectively, and

−M2 : = − A2R2F(y)τ̇ 2 +
ṙ2

A2r2F(y)
+

2ρ(ϑ )

AF(y)
ṙϑ̇ (7.3)

+r2

1 +

ρ(ϑ )2

F(y)



ϑ̇ 2 + r2κ 2ρ(ϑ )2ϕ̇2

is the mass of the test particle, and

J2 : = r 4ϑ̇ 2 + r 4κ 2ρ(ϑ )2ϕ̇2. (7.4)
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J2 is not in general a constant of the motion, but satisfies

(J2)˙ = 2Aρ(ϑ )M2r3ϑ̇. (7.5)

We will restrict ourselves to the caseρ(ϑ ) ≠ 0 ≠ F(y), M > 0, ϑ̇ = 0. Onecan

then interpretJ as the total angular momentum of the test particle; it is associat-

ed with the conformal Killing tensor̂K
ab

. The last condition ensures thatJ2 is

in fact a constant of the motion, and that we can findall such geodesics explicit-

ly. At the end of this section, when we discuss the Newtonian analog, we will

give a plausibility argument that there should be bound geodesics if and only if

there are bound geodesics withϑ̇ = 0. Theremaining conditions ensure that we

are not at a Killing horizon, that we are not at a pole of the {(y, t)=constant}

2−spheres (where we certainly don’t expect any bound geodesics), and that our

test particle has some (nonzero) mass.

However, not all values ofE, J, Jz, and M yield solutions of the second-order

geodesic equations.35 One finds thaṫϑ = 0 forces

J2ρ′(ϑ ) ≡ −Aρ(ϑ )2r3M2 (7.6)

in order forϑ̈ ≡ 0 to be satisfied. Notethat this immediately yieldsJ2 ≠ 0 and

ṙ = 0,36 which in turn forces

J2F′(y) = Ar3

2F(y) −

F′(y)

Ar


M2 (7.7)

35I am indebted to Charles Misner for pointing out the existence of spurious solutions forṙ = 0
and/orϑ̇ = 0. Eqs.(7.6) and (7.7) can be derived from Eq. (7.2) bycareful differentiation.

36For A = 0 this condition correctly reduces toϑ =
π
2

or J = 0, and we cannot conclude anything

about ˙r .
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in order for ¨r ≡ 0 to be satisfied. Combiningthese two equations we obtain

F′(y) (ρ(ϑ )2 −
ρ′(ϑ )

Ar
) = − 2ρ′(ϑ )F(y) .  (7.8)

Also, the defining equation forM2 is now

E2 = A2F(y)(r2M2 + J2) . (7.9)

Eq. (7.9) implies thatF(y) >  0, while Eq. (7.6) implies thatρ′(ϑ ) <  0;37 from

Eq. (7.8)we now conclude thatF′(y) >  0. We rewrite Eq. (7.8) as a polynomial

in x andy usingρ(ϑ )2 = G(x) and 2ρ′(ϑ ) = G′(x):

B(x, y) : = F′(y)G(x) + F(y)G′(x) − ½(x + y)F′(y)G′(x) .  (7.10)

We hav ethus shown thatB(x, y) = 0 is a necessary condition for the existence of

bound test particle orbits.However, we now show that for regular C−metrics

with |e| = m >
1

4A
we cannot have B(x, y) = 0 subject to the above constraints,

namelyG(x) >  0, G′(x) <  0, F(y) >  0, and F′(y) >  0.

The graphs ofG(x) and F(y) for these C−metrics are given in Figure 12.

Note that the conditions onG(x) and G′(x) restrict us to the regions

−
1

mA
< x < −

1

2mA
or 0< x <

−1 + √ 1 + 4mA

2mA
, while those onF(y) and F′(y)

force y >
1 + √ 1 + 4mA

2mA
. We will treat B(x, y) as a fourth order polynomial inx

for fixed y. Note that

B(−
1

mA
, y) = B(0, y) = F′(y) >  0

0 < B(−
1

2mA
, y) = G(−

1

2mA
)F′(y) < F′(y)

37We interpret this physically as a dragging effect due to the accelerated coordinate system.One
would normally have expectedρ′(ϑ ) = 0, which corresponds to the equatorial plane in the limit as
A → 0. Comparethe discussion of the Newtonian analog at the end of this Section.
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B(−y, y) = 0 (7.11)

−y <
−1 − √ 1 + 4mA

2mA
< −

1

mA

x→±∞
lim B(x, y) = + ∞

See Figure13. Theseequations guarantee thatB(x, y) is monotonically increas-

ing for x > 0, and thus thatB(x, y) ≠ 0 for 0< x <
−1 + √ 1 + 4mA

2ma
. Howev er,

sinceG′(−
1

2mA
) = 0, G′′(−

1

2mA
) = 1, andG′′′(−

1

2mA
) = 0, we have

∂x
2B(−

1

2mA
, y) ≡ G′′′(−

1

2mA
)



F(y) − ½(−

1

2mA
+ y)F′′(y)





= 0 (7.12)

and thusx = −
1

2mA
is a point of inflection of the graph ofB(x, y). But since

x = −
1

2mA
lies to the right of the local maximum ofB(x, y), it is clear that we

must have ∂xB(−
1

2mA
, y) <  0 and thereforeB(x, y) >  0 for −

1

mA
< x < −

1

2mA
.

(To be slightly more rigorous,∂x
3B(−

1

2mA
, y) >  0, and thus∂xB(x, y) has a

local minimum atx = −
1

2mA
.) In any case, we see thatB(x, y) ≠ 0 subject to

the above constraints onx and y, and we conclude that the regular C−metrics

with |e| = m >
1

4A
haveno bound timelike geodesics witḣϑ = 0.

Note that if G′(x) = 0 and F′(y) = 0 then B(x, y) = 0 and Eqs. (7.6) and

(7.7) are satisfied (forM = 0). For vacuum C−metrics and for C−metrics with

|e| = m <
1

4A
,38 we can choose (xo, yo) such that G′(xo) = 0 = F′(yo),

38Or, more generally, for any C−metric of type v. These, together with the vacuum C−metrics,
comprise all the C−metrics with a Reissner-Nordström limit except |e| > m andm = e = 0.
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G(xo) >  0, F(yo) >  0, and G′′(xo) ≠ 0 ≠ F′′(yo). We can chooseE andJ so that

Eq. (7.9) is satisfied, thus obtaining a bound photon orbit. However, since

∂xB(xo, yo) = G′′(xo)F(yo) ≠ 0 (7.13)

∂yB(xo, yo) = F′′(yo)G(xo) ≠ 0

there exists a neighborhoodW of xo on which we can findy(x) so that

B(x, y(x)) = 0, with y(xo) = yo and F(y(x)) > 0. Furthermore, using

dy

dx
= −

∂xB(x, y)

∂yB(x, y)
we find that choosingx∈W such that G′(x) <  0 forces

F′(y(x)) > 0! We can now use Eq. (7.6) to define
M

J
and Eq. (7.9) to define

E

J
,

thus obtaining a bound timelike geodesic (Eq. (7.7) is automatically satisfied

sinceB(x, y(x)) ≡ 0), and strongly suggesting that each particle atr = 0 has pos-

itive mass.

Let us now consider the Newtonian version of the situation.We consider a

single point mass undergoing constant acceleration. In the rest frame of the par-

ticle we can replace the acceleration by a constant gravitational field. Assuming

that our mass is positive, there will be a surface on which the component of the

field of the point mass in the direction of the constant field exactly cancels out

the constant field, resulting in the existence of bound orbits (see Figure14).39

Note that these orbits occur only for
π
2

< ϑ < π ; the orbits are dragged along

behind the source of the acceleration.Furthermore, there are bound orbits with

ϑ̇ = 0 = ṙ . Finally, note that there are no bound orbits if the source has negative

mass. We take this as a strong indication that a relativistic accelerating particle

39Note that the word "bound" is perhaps not quite correct since the constant acceleration will drag
the test particle with it to infinity (in the relativistic case: toI ). I am grateful to Bill Cordwell for
suggesting this argument, and for providing Figure 14.
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has positive mass if and only if there are bound orbits in the sense discussed

here.

Note that even though the separation of the two particles atr = 0 is on the

order ofm at closest approach, they are hidden from each other by the acceler-

ated motion, and thus have no effect on each other or on the test particle orbits

just considered.Furthermore, the close approach makes it impossible to approx-

imate the mass of either particle by applying Kepler’s laws to these test particle

orbits.

We were unable to show there areno bound test particle orbits for

|e| = m >
1

4A
because we could not solve the general geodesic equations.How-

ev er, we interpret our failure to find any bound test particle orbits witḣϑ = 0 as

strongly supporting the conclusion that the C−metrics with|e| = m >
1

4A

describe particles with negative mass.
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Appendix: Bondi Mass Calculation for Vacuum C−Metrics40

We follow Geroch [17] in defining the Bondi Mass in a divergence−free

conformal frame on a crosssection S ofI as:

MB(S,α ) : =
1

8π
S
∫(Yα )mε mabdSab (A.1)

where

(Yα )a : = ¼ α K aml m + (α Dml n + l mDnα )qnpNpqqq[mna]

and whereqab is any "inverse" of qab (i.e. qamqmnqnb = qab), l m is any 1-form

satisfyingl mnm = 1, α na is a BMS time translation,Npq is the news tensor, Dm

is the derivative operator intrinsic toI , and K ab is constructed from the Weyl

tensor. Note that this depends both on the choice of crosssection and on the

choice of time translation.We proceed to work out each of these terms, but first

clarify the general approach.We use the same notation as [17] throughout.The

final integration will be technically difficult, because of the necessity of integrat-

ing in both theu and ũ charts. However, since everything so far is invariant

under the transformation(u,ψ ) → (ũ,ψ̃ ), we will take advantage of this symme-

try to reduce the integral to an integral over part of the crosssectionS, which we

can then integrate inone chart. We proceed as follows: Anywhere we have a

choice we choose all tensors so that they are invariant under the above transfor-

mation; we refer to this invariance asfunctional symmetry. This is the case e.g.

with the selection ofl m and the choice of crosssection. Thus, the resulting inte-

grand will also have this symmetry, i.e. will have exactly the same functional

form in both charts. Furthermore, since the integrand is conformally invariant,

we can even work in two different conformal frames, one for each chart.In

40This calculation was done jointly with Michael Streubel, to whom I am deeply indebted.
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fact, this appears to be necessary:There does not seem to be aglobal diver-

gence-free frame!

We introduce some notation.Let h be the function determined implicitly

by Eq. (4.22); i.e.ψ = h(ψ̃ ), and of course alsõψ = h(ψ ). Definethe functionσ

via

σ (ϑ ) : = ∫
dϑ

κ ρ(ϑ )
(A.2)

Thus, from Eq.(4.22), σ (h(ψ )) = −σ (ψ ), and h2(ψ ) = ψ . Define ψ o as the

unique point whereh(ψ o) = ψ o. This is also the unique point whereσ (ψ o) ≡ 0.

Assuming that the integranddM is independent ofϕ and functionally symmetric

(i.e. dM = f (ψ )dψ ≡ − f (ψ̃ )dψ̃ , where the factor of−1 comes from the opposite

orientations ofψ andψ̃ ) we can write symbolically

M =
1

8π ∫ dM =
1

8π

ϑ o

ψ =0
∫ f (ψ )dψ

= ¼
ψ o

ψ =0
∫ f (ψ )dψ − ¼

0

ψ̃ =ψ o

∫ f (ψ̃ )dψ̃ (A.3)

= ½
ψ o

ψ =0
∫ f (ψ )dψ

and we can evaluate this integral without going into theũ chart! We now pro-

ceed to determinef (ψ ), making sure that the above assumptions are satisfied.

We do the entire calculation in the divergence-free conformal frame

(u,ψ ,ϕ ) first introduced in Section 4.1.We hav e(dropping the primes)

qabdxadxb = dψ 2 + κ 2ρ(ψ )2dϕ2 (A.4)

na =
ρ(ϑ )

ρ(ψ )
(∂u)

a
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whereϑ = ϑ(u,ψ ) satisfies
dϑ

ρ(ϑ )
=

dψ
ρ(ψ )

+ Adu, i.e.σ (ϑ ) ≡ σ (ψ ) +
Au

κ
. We first

settle the terms where we have some choice.We choose

qab = (∂ψ )a(∂ψ )b +
1

κ 2ρ(ψ )2
(∂ϕ )a(∂ϕ )b . (A.5)

When we expressqab in the (ũ,ψ̃ ,ϕ ) div ergence-free conformal frame to obtain

q̃ab, it is clear thatq̃ab is functionally the same asqab. The choice ofl m is not

quite so obvious. Inan attempt to keep everything independent ofϕ we try

l mdxm =
ρ(ψ )

ρ(ϑ )


du+

b

ρ(ψ )


dψ ,

whereb is a constant. Sincedu = dũ +
2

Aρ(ψ̃ )
dψ̃ , we hav e

l̃ mdxm =
ρ(ψ̃ )

ρ(ϑ )


dũ +

2

Aρ(ψ̃ )
dψ̃ −

b

ρ(ψ̃ )
dψ̃ 


,

where we have, of course, changed conformal frames. Functional symmetry

forces
2

A
− b ≡ b, and thus

l mdxm =
ρ(ψ )

ρ(ϑ )


du+

1

Aρ(ψ )
dψ 


. (A.6)

We next turn to the translationsα na, which are the solutions to

DaDbα + ½α ρ ab = fα qab (A.7)

with Lnα = 0, i.e.∂uα = 0 and wherefα is an arbitrary function.The derivative

operatorDa is determined from∇a via

Dakb : = ∇akb<
(A.8)

where the arrow denotes the pullback of toI , and kb is any 1−form on M whose
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pullback toI is kb. Note that this definition only makes sense in a divergence-

free conformal frame.Eq. (A.8)enables us to determine the connectionγ c
ab of

Da in terms of the connectionΓc
ab of ∇a. After a lengthy but straightforward

calculation, one obtains

γ c
abdxadxb = − Aρ′(ϑ )(∂u)

cdu2 − κ 2ρ(ψ )ρ′(ψ )(∂ψ )cdϕ2 (A.9)

+2
ρ′(ψ ) − ρ′(ϑ )

ρ(ψ )
(∂u)

cdudψ + 2
ρ′(ψ )

ρ(ψ )
(∂ϕ )cdϕ dψ .

The tensorρ ab is theunique symmetric tensor satisfying

ρ abnb = 0; ρ abqab = −
2ρ′′(ψ )

ρ(ψ )
; D[aρb]c = 0 (A.10)

where the right side of the second of these equations is just the scalar curvature

of qab. Direct calculation yields

ρ abdxadxb = 


ρ′(ψ )2 − κ −2

ρ(ψ )2
−

2ρ′′(ψ )

ρ(ψ )


dψ 2 + κ 2(κ −2 − ρ′(ψ )2)dϕ2. (A.11)

One can now substitute Eq. (A.11) into Eq. (A.7) to obtain

α ,ϕϕ +κ 2ρ(ψ )ρ′(ψ )α ,ψ +½α(1 − κ 2ρ′(ψ )2) = fα κ 2ρ(ψ )2

α ,ψ ϕ =
ρ′(ψ )

ρ(ψ )
α ,ϕ (A.12)

α ,ψψ +½α 


ρ′(ψ )2 − κ −2

ρ(ψ )2
− 2

ρ′′(ψ )

ρ(ψ )



= fα .

Unfortunately, we hav e been unable to solve these equations directly, so we

resort to the following trick. DefineΘ via
dΘ

sinΘ
: =

dψ
κ ρ(ψ )

, which implies that

qabdxadxb =
κ 2ρ(ψ )2

sin2 Θ
(dΘ2 + sin2 Θdϕ2) .  (A.13)
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But the right side of this equation is conformally the standard 2−sphere metric,

for which we know that the general translation is given by α ′na with

α ′ = a + b sinΘ cosϕ + c sinΘ sinϕ + d cosΘ . (A.14)

Since the translations behave very simply under conformal transformations

(α ′ = ωα ), we can obtain the solutions to Eq.(A.12) from Eq. (A.13) merely by

multiplying by the conformal factorω : =
κ ρ(ψ )

sinΘ
, and using lntan

Θ
2

≡ σ (ψ ), i.e.

sinΘ ≡
1

coshσ (ψ )
. The general translation is thus given by α na, where

α = a κ ρ(ψ ) coshσ (ψ ) + b κ ρ(ψ ) cosϕ (A.15)

+ c κ ρ(ψ ) sin ϕ + d κ ρ(ψ ) sinhσ (ψ )

which we write asα = aα0 + bα1 + cα2 + dα3, and one can check directly that

this is the general solution to Eq. (A.12)!

The news tensor is defined byNab: = Sab − ρ ab, whereSa
b is theunique

tensor satisfying

Sa
bna = λ nb; Sabqab = −

2ρ′′(ψ )

ρ(ψ )
; (A.16)

Rabc
d = qc[aSb]

d + Sc[aδ b]
d

where λ is an arbitrary constant, andSab ≡ qabSa
c ≡ S(ab). We first need to

determineRabc
d, the Riemann tensor ofqab. Direct calculation yields

Rabc
d = −

2ρ′′(ψ )

ρ(ψ )
(∂ϕ )d D[aψ Db]ϕ Dcψ + 2κ 2ρ(ψ )ρ′′(ψ )(∂ψ )d D[aψ Db]ϕ Dcϕ

+
2

ρ(ψ )2



ρ′(ψ )ρ′(ϑ ) − ρ′(ϑ )2 + ρ(ϑ )ρ′′(ϑ ) − ρ(ψ )ρ′′(ψ )

(∂u)

d D[aψ Db]uDcψ

+2κ 2ρ′(ψ )(ρ′(ψ ) − ρ′(ϑ ))(∂u)
d D[auDb]ϕ Dcϕ (A.17)

and
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Sabdxadxb =
1

ρ(ψ )2
(−ρ′(ϑ )2 + ρ′(ψ )2 + ρ(ϑ )ρ′′(ϑ ) − 2ρ(ψ )ρ′′(ψ ))dψ 2

+κ 2


ρ′(ϑ )2 − ρ′(ψ )2 − ρ(ϑ )ρ′′(ϑ )

dϕ2 (A.18)

and thus

Nab =
N(ϑ )

ρ(ψ )2


dψ 2 − κ 2ρ(ψ )2dϕ2


(A.19)

whereN(ϑ ): = ρ(ϑ )ρ′′(ϑ ) − ρ′(ϑ )2 + κ −2. Note thatNab is, of course, tracefree.

We now turn our attention toK ab, defined by41

K ab : = ε amnε bpqKmnpq (A.20)

whereε abc is the usual alternative tensor, defined up to sign by

ε abcε mnpqbnqcp ≡ 2nanb. (A.21)

We choose

ε abc = +
6ρ(ϑ )

κ ρ(ψ )2
(∂u)

[a(∂ψ )b(∂ϕ )c] (A.22)

and thus, fromε abcε abc ≡ 3!,

ε abc =
6κ ρ(ψ )2

ρ(ϑ )
D[auDbψ Dc]ϕ . (A.23)

We thus have

41Note that due to differences in convention Kab = −¼ qamqbnK mn, whereKab was determined in
Eq. (4.10).Furthermore, note that Eq. (4.10) was obtained in a different conformal frame than the
one we are using here.
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K ab =
mρ(ϑ )5

κ 2ρ(ψ )5


8κ 2(∂u)

a(∂u)
b +12A2κ 2ρ(ψ )2(∂ψ )a(∂ψ )b (A.24)

−12A2(∂ϕ )a(∂ϕ )b − 24Aκ 2ρ(ψ )(∂u)
(a(∂ψ )b)



which agrees with the previous calculation in Chapter 4.41

We now finally have all of the pieces necessary to calculate(Yα )a; it only

remains to choose the appropriate translation.For the moment settingα = α0,

we obtain

(Yα0
)a = −

κ mρ(ϑ )4

ρ(ψ )3
coshσ (ψ )(∂u)

a

+
N(ϑ )

2Aρ(ψ )3
(sinhσ (ψ ) − κ ρ′(ϑ ) coshσ (ψ ))(∂u)

a (A.25)

−
N(ϑ )

2ρ(ψ )2
sinhσ (ψ )(∂ψ )a

The last step is to determinedSab. We will assumethat our crosssections

are independent ofϕ . Thus, a crosssection is given by

u = g(ψ ) and/or ũ = g̃(ψ̃ ) (A.26)

wherever these expressions are defined.Functional symmetry forcesg ≡ g̃.

Thus,

dSab =
∂x[a

∂ψ
∂xb]

∂ϕ
dψ dϕ (A.27)

≡ 

g′(ψ )δ u

[aδϕ
b] + δψ

[aδϕ
b]


dψ dϕ .

Thus,

(Yα0
)mε mabdSab ≡ −

κ 2

ρ(ψ )


mρ(ϑ )3 +

ρ′(ϑ )N(ϑ )

2Aρ(ϑ )



coshσ (ψ )dψ dϕ (A.28)

+
κ N(ϑ )

2ρ(ϑ )



1

Aρ(ψ )
+ g′(ψ )


sinhσ (ψ )dψ dϕ .
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Using coshσ (ψ̃ ) ≡ + coshσ (ψ ), sinhσ (ψ̃ ) ≡ − sinhσ (ψ ), and

u +
κ
A

σ (ψ ) ≡ ũ +
κ
A

σ (ψ̃ ), it is straightforward to verify that the desired criteria

have been met; thatdM is independent ofϕ and functionally symmetric42

Putting it all together, we obtain

M0(S) = − ½
ψ o

0
∫

κ 2 coshσ (ψ )

ρ(ψ )




mρ(ϑ )3 +

N(ϑ )ρ′(ϑ )

2Aρ(ϑ )




dψ (A.29)

+½
ψ o

0
∫

κ N(ϑ ) sinhσ (ψ )

2ρ(ϑ )





1

Aρ(ψ )
+ g′(ψ )




dψ

where the subscript onM is to remind us that we choseα = α0. Repeating the

calculation usingα = α3 yields precisely the same result, but with sinhσ (ψ ) and

coshσ (ψ ) interchanged:

M3(S) = − ½
ψ o

0
∫

κ 2 sinhσ (ψ )

ρ(ψ )




mρ(ϑ )3 +

N(ϑ )ρ′(ϑ )

2Aρ(ϑ )




dψ (A.30)

+½
ψ o

0
∫

κ N(ϑ ) coshσ (ψ )

2ρ(ϑ )





1

Aρ(ψ )
+ g′(ψ )




dψ .

Furthermore, since
2π

0
∫ sinϕ dϕ ≡ 0 ≡

2π

0
∫ cosϕ dϕ , it is clear that choosingα = α1

or α2 yields zero, i.e.

M1(S) = M2(S) = 0 .  (A.31)

42Note that we did not need to useg = g̃ explicitly. Implicitly it is needed, however, in order to
guarantee that the "conjugate" points (u = U ,ψ = Ψ,ϕ = Φ) and (ũ = U ,ψ̃ = Ψ,ϕ = Φ) are both on
the same crosssection!
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As a check on these calculations, one verifies by direct calculation that, as

expected, the energy flux onI is the square of the news, i.e.

Da(Yα )a = − ¼ α Nmnq
npNpqqqm ; (A.32a)

in particular

Da(Yα0
)a = −

κ coshσ (ψ )

2ρ(ψ )3
N(ϑ )2 . (A.32b)

The Bondi 4−momentum is a 1−form(PB)a which acts on translationsva

so that

(PB)ava =
1

8π ∫(Yα )mε mabdSab (A.33)

where α is the BMS translation naturally associated withva. We hav e thus

shown

(PB)a ≡ Mα0
δ a

0 + Mα3
δ a

3 . (A.34)

We now finally turn to the tricky topic of choosing crosssections.We will

construct our crosssections so that they are independent ofϕ ; the crosssections

are thus given by Eq. (A.26), withg ≡ g̃. A C∞ crosssection is therefore given

by any C∞ g(ψ ) defined forψ ε[0,ϑ o), with u + ũ ≡
2κ
A

σ (ϑ ) forcing

g̃(ψ̃ ) ≡ g(h(ψ )) ≡ g(ψ ) +
2κ
A

σ (ψ ) (A.35)

where defined, i.e. forψ ≠ 0,ϑ o.43 A possible choice ofg(ψ ) is giv en by

g(ψ ) =
κ
A

ln 


λ
1 + e2σ (ψ )




(A.36)

43Note that even without the assumption of functional symmetry, since the relationship betweenu
andũ breaks down asA → 0 (and thus so does the attempt to extend the original manifold), there
areno C∞ crosssections which are well behaved in the limit asA → 0!
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for λ =constant; the crosssections are parameterized byλ > 0. It is easy to

check thatg(ψ ) satisfies Eq. (A.36) and isC∞, but some motivation for this

choice of g(ψ ) can be given. Functionalsymmetry becomes obvious if we

rewrite the defining equation for the crosssection as

eAκ −1u + eAκ −1ũ = λ > 0  (A.37)

where we have usedσ (ψ ) ≡ −
A

κ
u + σ (ϑ ) and u + ũ ≡

2κ
A

σ (ϑ ). Furthermore,

the exponentials are necessary because
ψ →ϑ o

lim u ≡ −∞ ≡
ψ →0
lim ũ . We thus obtain

g′(ψ ) =
−eσ (ψ )

Aρ(ψ ) coshσ (ψ )
. (A.38)

Substituting this in Eq. (A.29), we obtain

M0(λ) = −
κ 2m

2

ψ o

0
∫

ρ(ϑ )3 coshσ (ψ )

ρ(ψ )
dψ (A.39)

−
κ
4A

ψ o

0
∫

N(ϑ )

ρ(ϑ )ρ(ψ )
(κ ρ′(ϑ ) +1) coshσ (ψ )dψ

+
κ
4A

ψ o

0
∫

N(ϑ )

ρ(ϑ )ρ(ψ )
⋅

1

coshσ (ψ )
dψ .

Although this appears to be independent ofλ , both ϑ and u are implicit func-

tions ofλ (andψ ).

Although we see no way to evaluate this integral explicitly, we can investi-

gate its behavior asλ → 0. Thisgives us the limit as boutu andũ approach−∞
on eachgenerator where they are defined. This is thus precisely the limit of the

Bondi mass to the infinite past onI +, and we expect this limit to be the ADM

mass provided the news tensor falls off sufficiently fast [23].
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For the vacuum C−metrics we have [13]

e2κ −1y* ≡
y − y2

(y − y1)n1(y3 − y)n3

or, equivalently,

e2κ −1x* ≡
x − x2

(x1 − x)n1(x − x3)n3

where

0 < n1 =
(y3 − y2)

(y3 − y1)
; 0 < n3 =

(y2 − y1)

(y3 − y1)
.

We thus have

x − x2

(x1 − x)n1(x − x3)n3
≡ e2σ (ϑ ) ≡

λ2

4 cosh2 σ (ψ )
. (A.40)

Assumingψ = 0,ϑ o, we can thus expandx − x2 in powers ofλ2 as follows:

x − x2 = s[λ2 + pλ4 + 0(λ6)] (A.41)

where

s : =
(x1 − x2)

n1(x2 − x3)

4 cosh2 σ (ψ )

and

p : =
(x1 − x2)

n1−1(x2 − x3)
n3−1(x1 + x3 − 2x2)

4 cosh2 σ (ψ )
.

Sincex → x2 as λ → 0 (i.e. ϑ = 0 at io) we can use this expression in order to

expandG(x) and its derivatives in powers of λ2, and use the result to expand
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ρ(ϑ ) and N(ϑ ) in powers ofλ . After some messy algebra one obtains

ρ(ϑ ) = √ 2s

κ


1 +

λ2

4
[2p − κ s(1 + 6mAx2)]



λ + O(λ5) (A.42a)

and

N(ϑ ) = − 

3ma(x1 − x2)

2n1(x2 − x3)
2n2

8κ cosh4 σ (ψ )


λ4 + O(λ6) .  (A.42b)

Furthermore, the exact coefficients here are not particularly important; we have

shown that each term in the integrand of Eq.(A.39) goes to zero asO(λ3). We

thus conclude that

λ→0
lim M0(λ) = 0 .  (A.43)

Note that Eq. (A.42b) implies immediately that the falloff condition on the

news in [23] is satisfied. Furthermore, repeating this calculation forα = α3 does

not change anything except the details; we can thus conclude that

λ→0
lim M3(λ) = 0, and thus

λ→0
lim (PB)a(λ) = 0 (A.44)

i.e. the limit to the infinite past (onI +) of the Bondi 4−momentum is zero.This

guarantees that the ADM−mass is zero (so long as it is defined and the falloff

condition on the news in [23] is satisfied), and that the Bondi mass is negative

for any choice of BMS time translation (e.g.α = α0).

Note that if we had placed the nodes atϑ = 0 instead of atϑo (thus obtaining

a neighborhood ofi+ instead of a neighborhood ofio) we can modify the preced-

ing argument very slightly to show that Conjecture3 of Chapter 7is satisfied.
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The crosssections given by

g′(ψ ) = −
κ
A

ln




λ′
1 + e−2σ (ψ )





(A.44a)

or, equivalently,

e−Aκ −1u + e−Aκ −1ũ = λ′ (A.44b)

can be thought of as the boundary of a hypersurface satisfying the hypotheses of

Conjecture 3. However, a completely analogous argument to the one given

above shows that

λ′→0
lim (PB)a(λ′) = 0 ,  (A.45)

and this is now the limit to i +. Thus,if a regular neighborhood ofi+ exists in I ,

then the Bondi mass is positive there.

We now discuss the sense in which this procedure can be said to have a

"Schwarzschild" limit. We would like to simply take the limit asA → 0 in the

integrand, but we must be very careful. First of all, a nice Schwarzschild cross-

section is given by u =constant, which isnot a functionally symmetric crosssec-

tion at all! (In fact, it’s not even a regular C−metric crosssection!) But we claim

that taking an appropriate limit asA → 0 of M on a u =constant crosssection

should still yieldm. Howev er, as can be easily verified, taking
A→0
lim (Yα0

)a and

then integrating leads to a divergent result. What went wrong? The problem is

that it’s not clear when "lim" and "∫ " commute. Infact, since thel a we chose

diverges asA → 0, this result is not so surprising.Thus, in order to get a

Schwarzschild limit which makes sense, we will carefully arrange things so that

each term of the integrand has a well-defined limit asA → 0. It turns out, of

course, that the integrand itself will reduce to the correct integrand for the
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Schwarzschild metric. We thus repeat the previous calculation substituting

l mdxm: =
ρ(ψ )

ρ(ϑ )
du for l m and usingα = α0, since these have the correct limit.

(α na reduces to the BMS time translation associated with the timelike Killing

vector.) We obtain

M0(S) =
κ 2m

2

ϑ o

ψ =0
∫

ρ(ϑ )3

ρ(ψ )
coshσ (ψ )dψ (A.46)

+
3κ 2m

4

ϑ o

ψ =0
∫ ρ(ϑ )3 coshσ (ψ )g′(ψ )dψ

+
κ
8

ϑ o

ψ =0
∫

N(ϑ )

Aρ(ϑ )


κ ρ′(ϑ ) coshσ (ψ ) + sinhσ (ψ )


g′(ψ )dψ .

This expression is, of course, entirely equivalent to the one previously given

(Eq. (A.29)). However, this expression isnot functionally symmetric; in order

to carry out the integration, we would first have to transform the integrand to the

(ũ,ψ̃ ,ϕ ) chart in a neighborhood ofψ = ϑ o. But for our present purpose this is

irrelevant. We simply setg′(ψ ) = 0 (u =constant), take the limit of the integrand

as A → 0, and then integrate, using the following relations, valid in the limit

A = 0:

ρ(ϑ ) = sinϑ; ρ(ϑ ) coshσ (ϑ ) = 1; ρ(ϑ ) sinhσ (ϑ ) = − cos(ϑ ); (A.47)

ϑ o = π; ψ = ϑ; κ = 1;
A→0
lim

N(ϑ )

A
= − 2m(2 + cosϑ )(1 − cosϑ )2 .

We obtain

MS ≡
m

2

π

0
∫ sinϑ dϑ ≡ m (A.48)

as desired.We cannot emphasize too strongly, howev er, that this limit has noth-

ing whatsoever to do with the Bondi mass of the C−metrics; the crosssection

used here isnot a C−metric crosssection.


