The
OCTONIONIC EIGENVALUE

Problem

N




DIVISION ALGEBRAS

Real Numbers:

R

Complex Numbers:

C=R+Rs
z2=x+ Y




COMPLEX EIGENVALUE PROBLEM

Eigenvalue Equation: Av = v
Hermitian: At=Aa"= 4
Reality: Mlo = (Av)To = vTAv = v
Orthogonality: A # A = vivg = (

since: )\yvirvg = (A’Ul)TUQ = ’UIAUQ = UI)\QUQ
- 7
Decomposition: A= > InUmUm
m=1




QUANTUM MECHANICS

v )

ol —s (v

Normalization: (v|v) =1

Measurement: A lvm) = Am |vm) (Am € R

Simultaneous Measurement: |[A, B|=AB - BA=0

(same eigenvectors!)

n
Decomposition: A= D> dp|vm){vm|
m=1




DIVISION ALGEBRAS

Real Numbers: Quaternions:

R H=C +Cj
q=(a+bi)+ (c+di)j

Complex Numbers:

C=R+Rs
2=+ Yyt




QUATERNIONS

k2= 1
ij = +k
i = =

not commutative




VECTORS 1

v=bi+cj+dk— B=bi+cj+dk

VW —— —V - W + UV X W

Dot product exists in any dimension
but
Cross product exists only in 3 and 7 dimensions




THE DISCOVERY OF THE QUATERNIONS

Here as he walked by

on the 16th of October 1843
Sir William Rowan Hamilton
in a flash of genius discovered
the fundamental formula for

quaternion multiplication

2 =42 =k%*=ijk=—1

& cut it on a stone of this bridge




QUATERNIONIC EIGENVALUE PROBLEM

Eigenvalue Equation: Av = v
Hermitian: AT=A

(D)0 a()

Eigenvalues need not be real!

Furthermore, A(qu) # q(Awv), so:

Multiples of eigenvectors not eigenvectors!




RIGHT EIGENVALUE PROBLEM

Eigenvalue Equation:

Av = v
Hermitian: AT = A
Reality:

( v) = (A vT)v = (AU)TU = (UTA)U
= 0T (Av) = vT(vA) = (VTv)A
Multiples:

A(vg) = (Av)q = (vA)g = vgA

n
Decomposition: A= > )\mvmvT

m
m=1




DIVISION ALGEBRAS

Real Numbers: Quaternions:

R H=C+Cy
q=(a+bi)+ (c+di)j

Complex Numbers: Octonions:
C=R+ Rz O=H-+H/
2=+ Yyt




OCTONIONS

each line is quaternionic

()6 = +kt
i(j0) = —ke

not associative

kI




WHAT STILL WORKS?

° g7 = |q|?
e¢ =L (¢#0)
* |pq| = |p||q]

p,p,q] = (pp)q — p(pg) =0

alternativity




THE DISCOVERY OF THE OCTONIONS

John T. Graves (1843!)
Arthur Cayley (1845)

octaves, Cayley numbers




OCTONIONIC EIGENVALUE PROBLEM

Eigenvalue Equation: Av = v
Hermitian: AT=A

() ()-(28) (o

Eigenvalues need not be real!

M) #£ whv = (Av)tv = (vT A)w
#£ vT(Av) = vT(v) # (viv)A



3x3 REAL EIGENVALUE PROBLEM

Characteristic Equation:

But:

A% — (tr A) A* + 0(A) A — (det A) T = 0

AP = (AL + AA)

A — (tr AN +o(A)N—det A =7
(r—ry)(r—r_)=0




DECOMPOSITIONS 1

Family: K[v] =rv =
A(A(A(v))) — (trA) A(A®)) + o(A) Alv) — det(A) v

Theorem: (v, w in same family; X # u)

(vohw = 0
Proof: 8 hour brute force Mathematica computation!
(Analytic proof by Okubo!)

Corollary: A=), v




PROJECTIONS

Theorem: (z any vector in same family)

Corollary:

Corollary:

(wul) ((uuT)z) — (uul)z

(vol) ((uuT)z) =0

A ((uuT)z) = A ((uuhz)




DECOMPOSITIONS II

Into Families:

Klz|l—1rz Klz]—1r1z
z = — = Z1+ 29
™ — 79 ™ — 79

Within Families: (uvu! + vl +ww' = 1)

21 = (uwuDz1 + (v 2z + (wwh)z,

Theorem:

z = (uul)z + S (4dl)z;

This decomposes any vector z into stz eigenvectors,

one for each eigenvalue of A!



OCTONIONIC
EIGENVALUE PROBLEM

e Figenvalues not necessarily real!
e New notion of orthogonality:

(voh)w = 0

e Decomposition:

A= ol




VECTORS II

t
T X t+%’ T — 1y
Y r+y t—=z
z
1
X' =X"=X



LORENTZ TRANSFORMATIONS

Exploit (local) isomorphism:
SO(3,1) =~ SL(2,C)

r=Ar — X =MXM!

1 0 0 0 /

0 cosa —sina 0 e 7 0
. — X6}

0 siho cosa 0 0 ez

0 0 0 1

det(M)=1 = detX =detX



WHICH DIMENSIONS?

X—(p a) (p,m € R;a € K)

dim K + 2 = 3,4, 6, 10 spacetime dimensions

supersymmetry
SO(5,1) =~ SL(2, H)
SO(9,1) ~ SL(2,0)




SPIN
Finite rotation:

09 0
0 e *2

Infinitesimal rotation:

L_dRZ 1/t 0
©do 2\ 0 —¢




ANGULAR MOMENTUM REVISITED

1 /0 ¢ 1/ 0 1
Lx:i(z 0> Ly:?(—l 0)
1L/¢ 0 A
Lz:§< _5) Ly = (L)l
[LofaLy]__Lz
(1
S\ 1 k 94
Lz¢:¢§ Lx¢:—¢§ y¢:—¢?

Simultaneous eigenvector!

(only 1 real eigenvalue)



JORDAN ALGEBRAS

o0

|
o 3
ST
S o ol

1
Xo) = Q(XeryX)
Xy = Xoy—(Xu)+Yu(¥)

(X)) - w(xoy)T



JORDAN ALGEBRAS

u,v,w € R =

) uuT O UUT — (u . ?J) (ufU]L an UUT)
tr (uuT o UUT) = (u - v)2
2 uul x ol = (u X v)(u X fU)Jr

1
X+Y = X0y - H(Xw)+ (X))

(@) - (o) I



JORDAN ALGEBRAS

Xo¥ = 3 (XY +VX)
Xx) = Xoy—%(k'tr(y)ertr(X))
Jr%(tr(?()tr(y)—tr()(oy))I



JORDAN EIGENVALUE PROBLEM

Jordan product:

AOB:%MMBA)

(over R: 2 uu' o vul = (u-v) (uqﬂ + mﬁ))

Eigenvalue problem: (cigenmatrices!)

Aox = \x



DIMENSIONAL REDUCTION

SO(3,1) C SO(5,1) C SO(9,1)
SL(2,C)c SL(2,H) Cc SL(2,0)

Mass is Quaternionic:
P< '+ p? prpykm>
p* 4+ LpY + km pl—p

z
ki
')

How Many Quaternionic Spaces?

Answer: 3! )‘Q

3 generations of leptons!

Neutrinos have just one helicity!




DIRAC EQUATION

(P 6
P‘(se* W)

P =gy

quaternionic!

Furthermore:

leptons, mesons, baryons?




It has real and imaginary parts.
Life is octonionic...

THE END

Start Close Exit



